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Abstract

We report empirical evidence for a universal structural constraint governing ordering stability
in physical systems. Using the STRUC-1 computational chamber — designed as a falsification
engine rather than a confirmation tool — we evaluate the admissibility inequality

inv(P; L) < y(Ve(L))

across a preregistered corpus of 3,073 structural ladders extracted from thirteen physical do-
mains: random matrices (Gaussian Orthogonal Ensemble), molecular rovibrational spectra,
nuclear v-level schemes, condensed-matter property ladders, cosmic web galaxy distributions,
quantum mechanical atomic spectra (normal and Zeeman), planetary gravity harmonic fields,
atmospheric wind profiles, solar plasma activity records, cosmic microwave background (CMB)
angular power spectra from Planck 2018, and GNSS crustal displacement records from Nevada
Geodetic Laboratory tenv3 stations.

The inequality holds across the entire physical corpus. Of 3,073 physical evaluations, 3,059
(99.7%) satisfy the constraint with perfect admissibility rate A, = 1.000; the remaining 10
register near-boundary admissibility (A, > 0.940) with no clean violation. The structural
pressure ratio p = (inv) /v, measuring how deeply a ladder penetrates the admissibility budget,
spans four orders of magnitude across domains, from p = 0.022 (solar coronal plasma) to p =
0.9585 (Zeeman-split atomic spectra), yet no physical system exceeds the budget.

To probe the boundary of the law we conducted two adversarial falsification experiments.
The first (gap-preserving HoO pack: shuffled, histogram-matched, smooth surrogate) left admis-
sibility intact (A, = 1.000), establishing that the inequality is invariant under transformations
that preserve the gap spectrum. The second (cluster adversarial attack: engineered block-
degenerate ladders) succeeded in violating the inequality: both single-cluster and multi-cluster
ladders produced p > 1 at 10-14 of 40 x-steps and A, = 0.52 at the worst perturbation scale.
This identifies the precise boundary of the law’s valid scope: isolated block-degenerate struc-
tures lie outside it; all physical spectra, which exhibit hierarchical gap connectivity, lie within
it. At a shared critical scale k* = 0.554, the vulnerability graph percolates to the global ladder
and admissibility is immediately restored — a vulnerability percolation transition that explains
both the cluster failures and the self-recovery of all physical spectra under large perturbations.

The cross-domain data reveal a Universal Structural Phase Landscape: physical systems
cluster in a narrow interior band 0.08 < p < 0.40, well within the admissibility region and
far from the collapse boundary at p = 1. This band is maintained by sublinear vulnerability
growth (v < k%, @ = 0.7) and spans 41 orders of magnitude from nuclear v-transitions to the
CMB last-scattering surface. The law is not derived from domain physics; it emerges from the
structural properties of ordered gap systems, which is why it holds identically across quantum



mechanics, general relativity, condensed matter, geophysics, primordial cosmology, and random
matrix theory.

Within the UNNS Substrate framework, the universality is interpreted via the Percolative
Realizability Principle: physical structures occupy the admissibility manifold because their gap
architectures are hierarchically connected, ensuring that vulnerability always percolates to ab-
sorb inversion pressure before it can persistently exceed the budget. A single confirmed violation
in a physical system would falsify the law; none has been found in =~ 2.46 x 10® independent
admissibility tests.

Keywords: structural admissibility, ordering stability, vulnerability geometry, UNNS Sub-
strate, random matrix theory, spectral rigidity, nuclear spectra, condensed matter, cosmic web,
cosmic microwave background, GNSS crustal deformation, vulnerability scaling, admissibility
manifold, vulnerability percolation
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Universal Structural Phase Landscape
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Figure 1: Universal Structural Phase Landscape. Cross-domain distribution of mean struc-
tural pressure p across all 19 corpus domain representatives, sorted ascending. Three background
tiers demarcate the empirical partition of the admissibility manifold: interior / null-like (blue,
p < 0.10) — GOE random matrices and extremely regular physical processes; physical struc-
ture band (green, 0.10-0.40) — molecular spectra, GNSS crustal displacement, nuclear 7-levels,
condensed matter, CMB, cosmic web, and solar flare/dynamo processes; near-boundary (orange,
p > 0.40) — QM Zeeman spectra and Moon absS. Horizontal bars span the observed [min g, max p
range; filled markers give the domain mean. The purple dashed line is the GOE null mean (0.093);
the red solid line is the admissibility boundary (p = 1). No physical system crosses the ad-
missibility boundary in any of the 3,069 evaluations.



1 Introduction

1.1 The Problem of Ordering Stability

Physical systems support ordered structures at every scale of organization. Atomic energy spectra
define a fixed hierarchy of levels; molecular rovibrational states arrange themselves in regular lad-
ders; nuclear y-transitions produce reproducible excitation hierarchies; crystalline materials possess
ordered band-gap and density sequences; galaxies arrange themselves along filaments and voids in
the cosmic web. These orderings are, empirically, remarkably stable. Under perturbation—thermal
fluctuations, field variations, measurement noise, or coupling to environment—the ordering of a
physical system typically persists.

Why? A natural answer is that each domain has its own conservation laws and dynamical
equations that enforce stability. Quantum mechanics enforces spectral rigidity through the un-
certainty principle and the Pauli exclusion principle. Condensed matter enforces crystal ordering
through Bloch symmetry. General relativity constrains large-scale gravitational structure through
the Einstein field equations.

But this “local” answer does not explain a key empirical observation that forms the starting
point of this work: ordering stability appears to saturate a common structural bound across all
these systems, regardless of the underlying physics. That bound is the inequality

inv(P: L) < uVi(L)). (1)

This paper presents empirical evidence that is a universal law of realizable ordered structures.

1.2 Overview of the Admissibility Framework

The UNNS (Unbounded Nested Number Sequences) Substrate Program investigates whether a
structural framework based on ordered sequences and their perturbative geometry can constrain
the class of realizable physical configurations. The core hypothesis is that physical systems do
not occupy arbitrary positions in the space of ordered structures; rather, they are confined to an
admissibility manifold defined by recursive operator geometry. Within this manifold, structural
stability arises because perturbations remain within the admissible region: the gap architecture
of the system limits how much reordering any perturbation can induce. The UNNS framework
thus proposes a substrate-level explanation for why ordered physical structures persist — not
because domain-specific dynamics prevent change, but because the space of realizable structures
is geometrically bounded. The program’s central falsifiable predicate is the inequality , which
asserts that the number of ordering inversions produced by a perturbation cannot exceed the
vulnerability capacity of the structure’s gap geometry.

The left-hand side inv(P.; L) counts ordering reversals induced by a perturbation family P.
applied to ladder L. The right-hand side v(V.(L)) is the size of the maximum independent set of
the vulnerability graph V.(L), a combinatorial quantity encoding how many independent reordering
exchanges the gap structure can simultaneously support.

The key conceptual point is that the right-hand side is entirely determined by the structure of
L—specifically, by the distribution of gaps between consecutive elements—and not by the dynamics
of any particular physical theory. If the inequality holds universally across unrelated physical
domains, it is evidence that ordering stability is governed by structural geometry that transcends
domain-specific physics. The Universal Structural Law is therefore not derived from domain physics;
it emerges from the structural properties of ordered gap systems, which is why the same inequality
can constrain nuclear y-transitions, primordial acoustic oscillations, and GNSS crustal displacement
without modification.



1.3

Contributions of This Paper

The STRUC-I chamber was designed as a falsification engine: every design decision — preregistered
protocols, locked thresholds, adversarial surrogate construction, cluster attack — was aimed at
breaking the inequality, not confirming it. The chamber tests thousands of ladders from physi-
cally unrelated domains, constructs synthetic adversarial ladders to stress the bound, and reports
violations precisely when they occur. The paper’s central claim is that despite this sustained fal-
sification pressure, the law holds for all hierarchically-gapped ladders, and its boundary has been
characterised by ladders that do violate it.
This paper makes the following contributions:

(i)

We introduce and formalize the structural admissibility framework for ordered ladders, defin-
ing the inversion count, vulnerability graph, and vulnerability capacity in precise mathemat-
ical terms (Section [2).

We describe the STRUC-1 computational chamber, which implements a rigorous, preregistered
Monte Carlo protocol for evaluating the admissibility inequality (Section .

We report zero violations of across 3,073 physical ladder evaluations spanning thirteen
physical domains (Section .

We present a systematic cross-domain comparison of structural pressure, demonstrating that
physical systems are quantitatively separated from the random-matrix null (Section @

We identify two structural phases—Geometric Persistence and Boundary—based on the p-Aj
plane, and show that no physical system exceeds the admissibility boundary (Section .

We analyze the closest approach to falsification observed in the corpus: the lunar gravity sine
harmonic field and the synthetic amplitude ladder (Section .

We establish a connection between the Universal Structural Law and spectral rigidity in
random matrix theory: the low structural pressure of GOE spectra (p =~ 0.09) is explained
by level repulsion suppressing near-degenerate gap pairs — the same mechanism responsible
for the Az and %2 statistics of quantum chaos (Section .

We report the first CMB domain evaluation: three Planck 2018 angular power spectra (TT,
TE, EE) all achieve A, = 1.000 and p = 0.237-0.275, placing cosmological recombination-
epoch structure in the nuclear/condensed-matter tier (Section [8.10]).

We report the first geophysical deformation domain evaluation: five GNSS crustal displace-
ment ladders from Nevada stations all achieve A, = 1.000 with domain mean p = 0.133,
extending the corpus to planetary-scale kinematics (Section [8.11)).

We characterize the vulnerability growth law v(k) o k* with « ~ 0.7 observed across gap-
hierarchical ladders, providing a mechanistic explanation for why structural pressure saturates
rather than diverges (Section [9).

We give the Universal Structural Law its formal statement — including a standalone boxed
presentation — and explain why it exists via three converging lines of evidence (combinatorial
graph theory, gap-geometry projector invariance, and vulnerability growth asymmetry) in

Sections 12 and [12-8



(xii) We provide a cross-domain stratification analysis (Section showing that physical systems
organise into three reproducible structural tiers on the admissibility manifold, and supply
two new figures: the Universal Structural Phase Landscape (Figure |4]) and the universal p(k)
response curve overlay (Figure [6]).

(xiii) We introduce the characteristic perturbation scale x* as a second structural invariant (Sec-
tion [9.5)), and propose the two-parameter fingerprint (p, *) as a richer descriptor of position
on the admissibility manifold than mean pressure alone.

(xiv) We report an adversarial robustness experiment (Section : four structurally modified
ladders (real, shuffled, histogram-matched, smooth surrogate) all achieve A, = 1.000. We
prove Permutation Invariance (Proposition, the STRUC-1 Gap-Spectrum Invariance theorem
(Theorem establishing that the chamber is a gap-geometry projector, the Theorem of
Empirical Structural Universality (Theorem @ with two corollaries, and supply a Universality
Evidence Table (Table summarising the full 13-domain corpus plus adversarial results.

xv) We characterise the structural pressure tier landscape (Section [16)): a deep-relaxation basin
p p %
(p =~ 0.02-0.10), a physical operating band (0.10-0.40), and a near-boundary tier (p > 0.40),
and introduce the Admissibility Basin Landscape observation formally.

(xvi) We conduct a cluster adversarial falsification experiment (Section[L7)): block-degenerate clus-
ter ladders produce genuine violations (A, =~ 0.52-0.55, p > 1 at 10-14 k-steps) in the
pre-transition window. We identify the precise boundary of the law (hierarchically-gapped
ladders satisfy it; isolated block-degenerate ladders do not), prove the Adversarial Ladder
Theorem (Theorem , characterise vulnerability percolation (, and introduce the
Percolative Realizability Principle (Conjecture as the deeper structural mechanism
unifying the three converging lines of evidence, the cluster failure, and the recovery threshold
into a single criterion.

1.4 Organization

Section [2] develops the mathematical formalism. Section |3| describes the STRUC-I chamber and pro-
tocol. Section [4] describes the multi-domain corpus. Section [5| presents the core inequality result.
Section [6] gives the cross-domain pressure analysis. Sections provide domain-by-domain de-
tailed analyses, including subsections on spectral rigidity (, CMB (, and GNSS crustal
deformation ( Section |§| characterizes the vulnerability growth scaling law. Section (10| char-
acterizes structural phases and introduces the Universal Structural Phase Landscape (Figure [4]),
followed by the cross-domain stratification analysis ( and the characteristic perturbation scale
Kk* as a second structural invariant ( Section [11] analyzes near-boundary cases. Sections
and give the formal law statement (with boxed display), the combinatorial foundation, and a
synthesis of why the law exists ( three converging lines of evidence). Section discusses
implications, including the universal p(x) response curve overlay (Figure @ Sectionpresents the
adversarial robustness experiment, Permutation Invariance (Proposition , and the Theorem of
Empirical Structural Universality (Theorem @ Section [16|characterises the structural pressure tier
landscape and the Admissibility Basin Landscape. Section [17] presents the cluster adversarial falsi-
fication experiment, the phase-structured failure-and-recovery mechanism (, the Adversarial
Ladder Theorem (Theorem , vulnerability percolation (, and the Percolative Realizabil-
ity Principle ( Section outlines future work. Section concludes. Appendices give
algorithmic details and the preregistered protocol.



2 Mathematical Formalism

2.1 Structural Ladders

Definition 1 (Structural Ladder). A structural ladder of length n is a strictly ordered sequence
L = (r1<zy<--<xp), z;€R,
together with an index set [n] = {1,...,n} assigning a rank to each element.

A structural ladder is an abstraction of any physical ordered sequence: an energy spectrum
sorted by level, a material property database sorted by value, a galaxy catalog sorted by coordinate,
a time series of observations sorted by magnitude. The interpretation of z; varies by domain,
but the structure is always the same: a totally ordered finite sequence with well-defined gaps
0; = Tip1 —x; > 0.

Definition 2 (Gap Spectrum). The gap spectrum of a ladder L is the sequence of consecutive
differences
0(L) = (01, 02, -+, Op—1), 0 = Tij1 — Ti.

The gap spectrum encodes the local geometry of the ladder and is the primary input to the
vulnerability graph construction.
2.2 Perturbation Families

Definition 3 (Admissible Perturbation Family). Let ¢ > 0 be a perturbation scale. An admissible
perturbation family P- over a ladder L is a probability distribution over maps p : [n] — R of the
form

pi = x;+e;, & ~D(0,e),

where D(0,¢) is a zero-mean distribution with scale parameter e, and the perturbations {e;} are
drawn independently.

In the STRUC-I implementation, D is the uniform distribution on [—&, +¢], and the perturbation
scale is parameterized as

e = k-median(6(L)), « € [0.01, 1.0], (2)

so that x measures the perturbation amplitude relative to the typical gap size. The range x €
[0.01,1.0] is evaluated at 40 logarithmically-spaced steps.

2.3 Inversion Count

Definition 4 (Inversion Count). Let L' = (z1 + €1, ..., 2, + €,) be a perturbed sequence and
let o be the permutation such that z,(1) + €,(1) < Zy(2) + €5(2) < -+ The inversion count under
perturbation p is

inv(p; L) = #{(i,7) :i <j and o(i) > o(j) }.

The expected inversion count under the perturbation family is

inv(P.; L) = Epp. [inv(p; L)].

10



2.4 Vulnerability Graph

Definition 5 (Vulnerable Gap). Gap 0; of ladder L is e-vulnerable if 6; < 2¢, meaning elements x;
and x;41 can exchange rank under perturbation of scale e.

Definition 6 (Vulnerability Graph). The vulnerability graph V.(L) is the graph with vertex set
V = {i:0; < 2¢} (the set of vulnerable gaps) and edge set E' = {(i,i+1) : ¢, i+1 € V'} (consecutive
vulnerabilities share an edge, because a rank-3 cluster produces correlated inversions).

The vulnerability graph captures the exchange topology of the ladder under perturbation. Ver-
tices represent gaps that can be bridged; edges represent structural coupling between adjacent
exchange events.

2.5 Vulnerability Capacity
Definition 7 (Vulnerability Capacity). The vulnerability capacity

UV(L) = ofVa(L))
is the size of the maximum independent set of the vulnerability graph.

Since the vulnerability graph is an interval graph (vertices are consecutive indices), its maximum
independent set has a simple structure and can be computed in O(n) time by a greedy matching
on the complementary edge set. v(V:(L)) counts the maximum number of independent exchange
events that can occur simultaneously—independent in the sense that their corresponding gaps are
non-adjacent and therefore structurally decoupled.

Proposition 1 (Upper Bound Interpretation). v(V.(L)) is the tightest combinatorial upper bound
on the number of rank-decoupled ordering exchanges that the gap architecture of L can support
simultaneously under perturbation of scale €.

2.6 Structural Pressure
Definition 8 (Structural Pressure). The structural pressure of ladder L at scale x is

inv(P;; L)

S A

(3)
the ratio of the expected inversion count to the vulnerability capacity. The mean structural pressure
p(L) is the average of p(L; k) over x € [0.01, 1.0].

p € [0, 1] by the admissibility inequality whenever it holds. A value of p = 0 means the ladder
is entirely unaffected by perturbation; p = 1 means inversions exactly saturate the vulnerability
budget at every . Values p > 1 would indicate a violation.

Definition 9 (Admissibility Rate). Let k1 < k2 < -+ < ki be the evaluated perturbation scales.
The admissibility rate

1 K
LS [ b)), <o), ]
k::l

is the fraction of k-steps at which the admissibility inequality holds. A, = 1.000 signifies perfect
admissibility across all scales.

11



2.7 Structural Classification
Based on (p, Ay), ladders are assigned to one of three structural states:
Definition 10 (Structural States). Let fywp = 0.40 and frg = 0.70 be classification thresholds.

e Stable Structure: A, = 1.000 and p < Owp. Ordering is strongly conserved under all
perturbation scales.

e Weak Persistence: A, < 1.000 or p > fwp. Ordering pressure is elevated; occasional
boundary-approach at high k.

e Random Structure: A, < frs. Admissibility fails at more than 30% of perturbation scales.
No physical ladder achieves this state in the corpus (only synthetic controls).

3 The STRUC-I Chamber

3.1 Architecture

STRUC-I is a self-contained computational instrument implementing a preregistered falsification
protocol for the admissibility inequality . It is implemented as a single-file browser-based
HTML/JavaScript instrument (version 1.0.4, 2026-03-14) with embedded Monte Carlo engine, drag-
and-drop data loading, and JSON/CSV export.

The instrument accepts as input a sorted sequence of real numbers (the ladder), executes the
full perturbation-inversion-vulnerability pipeline, and exports a complete record

{p(lﬁ:k), Ag(kE), V(KkE), Inv(Kg) }521

for each run.

3.2 Computational Protocol

Protocol 1 (sTRUC-I Evaluation Protocol). Given a ladder L = (21 < -+ < xy):
1. Gap spectrum computation. Compute d(L) and ,cq = median(d).
2. k-grid. Set K = 40 evaluation points k1 < - -+ < k4o logarithmically spaced in [0.01, 1.0].

3. For each kj:

Identify vulnerable gaps: Vi = {i: §; < 2e;}.
Construct V;, (L) and compute v, = v(V;, (L)).

For each draw, rank the perturbed sequence and count inversions inv,, = inv(py,; L).

)
)
)
d) Run M = 2,000 Monte Carlo perturbations, each drawing & ~ Uniform|[—ey, +-¢]™.
)
) Compute (inv)y, = ML) invy,.

)

(g) Evaluate: A, =MLY 1linv,, < ).
(h) Compute py = (inv)y/vg.

4. Output. Report p= K1 Yok Py Ak = K1 > i Ar.k, and structural state classification.

12



3.3 Falsification Criterion

The protocol is designed to be falsification-first. A violation is formally defined as any single
perturbation draw satisfying inv,, > vg. A single such event, confirmed across multiple runs, would
falsify the inequality. The protocol makes falsification maximally easy: M = 2,000 independent
trials per x-step, 40 steps per ladder, produces up to 80,000 independent tests per ladder.

3.4 Parameter Lock

The protocol parameters are preregistered and frozen: K = 40, M = 2,000, x € [0.01, 1.0] log-
spaced, € = K - pmeq- NO parameters were adjusted post-hoc.

4 Dataset

4.1 Corpus Overview

The corpus analyzed in this study comprises 3,061 individual ladder evaluations drawn from eleven
physical domains. Table [1| summarizes the domain composition.

Table 1: Corpus composition by domain. “Ladders” counts distinct ladder instances. Scale spans
the ladder-length range.

Domain Description Ldrs Scale (n) p Source
GOE Random Ma- Gaussian Orth. Ensem- 3,000 100-500 0.093 Synthetic
trices ble
Molecular Spectra  Rovibrational levels 6 1,634- 0.115 HITRAN
2,000

Nuclear Spectra ~-levels, 15 isotopes 15 92-608 0.197 NuDat
Condensed Matter  Density, band gap, ~40 8-194 0.204 DFT

form. E databases
Cosmic Web Galaxy distances 8 2,000 0.305 DESI/SDSS
QM Normal Atomic spectra H-Na ~15 2,000 0.502 NIST ASD
QM Zeeman Magnetic sublevels 8 2,000 0.9585 NIST ASD
Planetary Gravity Sph. harm. fields 24 2,000 0.195 EIGEN/JGM
Atmosphere ERAS5 zonal wind 6 12 0.09-0.23 ECMWF

ERA5

Solar Plasma Flare, sunspot, F10.7 3 30-2,000 0.264 GOES/SIDC
Synthetic Controls ~ Random amplitudes ~5 300-2,000 >0.531 Generated

4.2 Domain Descriptions

GOE Random Matrices. Three thousand symmetric matrices with entries drawn from the
Gaussian Orthogonal Ensemble were generated at three sizes: n = 100 (1,000 matrices), n = 200
(1,000 matrices), n = 500 (1,000 matrices). Eigenvalues were extracted and sorted to form ladders.
GOE serves as the falsification null baseline: if the admissibility inequality were trivially satisfied
by any sorted sequence, GOE would be indistinguishable from physical ladders.

Molecular Rovibrational Spectra. Six molecules were analyzed: NHgz, CO, CHy, CO4, H2O,

and Os. Energy levels were drawn from the HITRAN molecular spectroscopy database and sorted
by energy, producing ladders of length n € [1,634, 2,000].
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Nuclear y-Level Schemes. Fifteen isotopes spanning the nuclear chart from Mg (A = 24) to
238U (A = 238) were analyzed using excited-state level schemes from the NuDat database. Ladder
lengths range from n = 92 (12°Sn) to n = 608 (2°*Pb).

Condensed-Matter Property Ladders. Approximately 40 ladders were extracted from DFT-
computed property databases for ten material families: Cu, O, Si, Ge, KSiO, SnO, TiO, TiOs,
VO, and FeO. Three property types per material were analyzed: density, band gap, and formation
energy. Ladder lengths range from n = 8 (SnO) to n = 194 (KSiO).

Cosmic Web Galaxy Distributions. Galaxy separation distances were analyzed from three
surveys: DESI ELG (emission-line galaxies, z ~ 0.9, n = 2,000 subsampled), 2MRS (flux-limited,
nearby, n = 2,000), and SDSS photometric (moderate redshift, n = 2,000). Physical Cartesian
(z,y, z) coordinates in megaparsecs were used. Angular («, J, z) coordinates were tested as controls
and found to be pathological for UNNS analysis (see Section .

QM Atomic Spectra. Two sub-domains: (i) normal spectra for H I, He I, He II, Li I, and Na I
from the NIST Atomic Spectra Database, three preprocessing variants per atom, n = 2,000 per
ladder; (ii) Zeeman-split spectra for H, He, Na, Ca, Ag, Au, and two additional atoms in external
magnetic field, n = 2,000 per ladder.

Planetary Gravity. FEarth (EIGEN-6C4, degree L = 720, subsampled n = 2,000), Mars (JGMS85F01,
L = 85), Moon (AIUB-GRL350A, L = 350), and synthetic random harmonic coefficients (L = 300)
were analyzed. Six ladder types per body: amplitude, degree_power, degree_rms, |C/|, |S|, and oamp.

Atmosphere. ERAD5 reanalysis 250 hPa zonal wind profiles (ECMWF): four physical ladders
(latitude-band absolute mean, latitude-band raw, longitude-sector mean, longitude-sector raw) and
two integer-label controls. Ladder length n = 12 per field.

Solar Plasma. Three processes from the same star: (i) GOES X-ray peak flux time series (mag-
netic reconnection, solar flare events, n = 252, 2014); (ii) International Sunspot Number annual
means (solar dynamo, n = 30); (iii) F10.7 solar radio flux daily records (coronal plasma emission,
n = 2,000).

Cosmic Microwave Background. Three angular power spectra from the Planck 2018 data
release: the temperature auto-spectrum (TT), the E-mode polarisation auto-spectrum (EE), and
the temperature—polarisation cross-spectrum (TE). Each spectrum was converted to a structural
ladder by extracting the multipole amplitudes C, and sorting them into ascending order. Ladder
lengths are n = 1,994 (TT and EE) and n = 2,000 (TT, subsampled from n = 2,506 to respect
the chamber maximum). This domain provides the first test of the admissibility inequality on a
primordial cosmological observable, extending the corpus to the last-scattering surface at redshift
z =~ 1,100.

GNSS Crustal Displacement. Five daily 3D displacement time series from the Nevada Geode-
tic Laboratory (NGL) tenv3 network (stations CAC2, P579, P591, P811, P812). For each station,

the total 3D displacement magnitude d = \/ AZ + A%+ AQU was computed, missing values re-

moved, and the resulting sequence sorted ascending. All five ladders were subsampled to n = 2,000.
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This is the first geophysical deformation domain in the corpus, distinct from the gravity harmonic
domain in that it measures directly observed surface kinematics rather than spectral decomposition
of the geopotential.

5 Core Inequality Result

5.1 Primary Finding

Theorem 1 (Empirical Universal Structural Law). The admissibility inequality
inv(P; L) < o(Vi(L))

holds across all 3,073 ladder evaluations in the STRUC-I corpus, spanning random matrices, molec-
ular, nuclear, condensed-matter, cosmic web, quantum mechanical, gravitational, atmospheric, so-
lar, cosmological, and geophysical domains. No violation was recorded at any perturbation scale k
m any domain.

This is the central empirical result. It is not a small-sample finding: the corpus spans 13
physical domains, ladder sizes from n = 8 to n = 2,000, physical scales from subatomic (107!% m
nuclear structure) to the cosmic microwave background last-scattering surface (z =~ 1,100, ~ 10?2 m
comoving), and time scales from nanoseconds to cosmological epochs.

5.2 Non-Tautological Nature of the Inequality

A potential concern is that the admissibility inequality might follow trivially from the construction
of the vulnerability graph. If v(V.(L)) were defined to be at least as large as inv(FP-; L) by algo-
rithmic necessity, the inequality would be an artifact rather than a discovery. This concern does
not apply.

The two quantities entering the inequality are computed by independent processes with no
coupling between them. The inversion count inv(P.; L) is obtained from explicit Monte Carlo
perturbation of the ladder: for each draw m, the perturbed sequence y; = x; + €§m) is rank-sorted,
and the number of ordering reversals relative to the original ranking is counted directly. This
computation has no knowledge of the vulnerability graph. The vulnerability capacity v(Vz(L)) is
computed from the static gap geometry of the unperturbed ladder via the maximum independent
set of the vulnerability graph; it has no knowledge of the perturbation outcomes.

Crucially, the chamber does not enforce the inequality during the perturbation loop. After both
quantities are computed independently, the chamber tests whether the empirically observed inv,,
exceeds the structural capacity v;. The admissibility rate A, is then the empirical frequency of
non-violation. An A, < 1.000 result is entirely possible and would be reported faithfully; the 10
near-boundary cases in the corpus demonstrate that the chamber can and does register imperfect
admissibility.

Control verification was performed by evaluating the inequality in reversed order: perturbation
draws were run first, inv,, recorded, and vulnerability capacity evaluated afterwards. Results were
identical, confirming that the order of computation has no effect on the outcome.

The observed absence of violations therefore represents a genuine empirical constraint: diverse
physical systems, governed by unrelated dynamics, remain within a structural exchange budget
that was not built into the measurement apparatus.
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5.3 Scaling Behavior

A second potential concern is that the inequality might fail for sufficiently large ladders, with inv
growing faster than v as n increases. The corpus directly addresses this question.

The dataset spans ladder sizes from n = 8 (small condensed-matter property sequences) to
n = 2,000 (large molecular spectra, GOE matrices, cosmic web projections, and gravity harmonic
sequences). No systematic growth of the structural pressure ratio p = (inv) /v with ladder size was
observed in any domain.

Within the GOE null baseline, the evidence is particularly direct: the maximum observed p
among the 3,000 GOE samples decreases with n: 0.304 at n = 100, 0.259 at n = 200, and 0.234
at n = 500. The mean p increases modestly (0.087 — 0.093 — 0.101) but the maximum —
the quantity most relevant to near-violation events — contracts, consistent with concentration-of-
measure effects in large random spectra.

Among physical systems, molecular spectra at n ~ 1,900-2,000 have mean p = 0.115, lower than
nuclear ladders at n =~ 327 (p = 0.197), confirming that larger n does not push systems toward
the admissibility boundary. The Zeeman domain, which saturates the admissibility budget most
tightly at p = 0.9585, operates at n = 2,000: the largest ladders in the corpus. In this case the high
p is maintained precisely because v grows proportionally with the equally-spaced gap structure,
not because inv outpaces v.

Taken together, the data provide no evidence that the inequality becomes harder to satisfy
at large n; if anything the bound is more cleanly respected in large systems. No trend toward
admissibility violation is observed with increasing ladder size.

5.4 Structural Pressure Distribution

The structural phase diagram (Figure |5]) displays the joint distribution of admissibility rate A
and mean structural pressure p across the full corpus. The diagram makes three features visually
immediate.

First, the overwhelming majority of physical ladders cluster in the Geometric Persistence phase
(A, = 1.000, p < 0.6), occupying a compact region well within the admissibility boundary. Second,
the only physical systems that approach the boundary are Zeeman-split atomic spectra and the
Moon absS gravity ladder; both maintain A, > 0.892. Third, the synthetic random-field control
(p = 0.9995, A, = 0.531) provides an internal demonstration that the bound is non-vacuous: a
physically unconstrained sequence penetrates the boundary and achieves near-50% violation fre-
quency. The gap between the physical cluster and the synthetic control is the primary structural
signature of realizable ordered systems in this representation.

5.5 Admissibility Rate Distribution

Table [2| gives the full distribution of admissibility rates across the corpus.

The 10 non-perfect-A,; cases are exclusively small-n condensed-matter ladders (Si density, n =
42; Ge-like density, n € [16,17]) where stochastic fluctuations in the MC estimator at M = 2,000
draws produce occasional near-boundary MC samples at high x, but no individual draw with
inv > v was recorded.

5.6 Structural Pressure Zones

The distribution of p values across the corpus divides cleanly into pressure zones (Table [3)).
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Table 2: Distribution of admissibility rates A, across the corpus. All A, < 1.000 cases are small-
n (n < 45) condensed-matter density ladders in the Weak Persistence state. No clean violation
(individual perturbation draw with inv > v) was found in any ladder.

A, Range Count Fraction Domain

= 1.000 (perfect) 3,059  99.67% All

€ [0.98, 1.000) 7 0.23%  Condensed matter (small n)
€ [0.94, 0.98) 3 0.10%  Condensed matter (small n)
< 0.94 (clean violation) 0 0.00% —

Total 3,073 100%

Table 3: Structural pressure zone distribution. Maximum observed mean p among physical sys-
tems is 0.9585 (Zeeman spectra), which has A, = 1.000. No physical system reached the NEAR
BOUNDARY zone at the level of mean pressure.

Zone p Range  Count Notes

RELAXED <0.25 ~2930 GOE, molecular, gravity, atm., plasma
TENSION 0.25-0.60 ~130  Cond.-matter (high), cosmic web
NEAR BOUNDARY 0.60-0.90 0 Unreached by any physical mean
CRITICAL > 0.90 0 Zeeman (A, = 1.000); synthetic only

The maximum mean p observed in any physical system is 0.9585 (Zeeman), which nevertheless
maintains A, = 1.000 because the vulnerability capacity v grows proportionally with € in Zeeman
ladders (equally-spaced levels produce a vulnerability graph with v = n/2).

6 Cross-Domain Structural Pressure

6.1 Domain Pressure Hierarchy

Table[d] gives the mean structural pressure for each domain, ordered from lowest to highest. Physical
systems are systematically elevated above the GOE null by a factor of approximately 2.2x at the
nuclear and condensed-matter level.

6.2 Key Cross-Domain Observations

Observation 1 (Physical Systems are Structurally Enriched). Physical systems sit at approximately
2.2x the GOE mean in structural pressure. This gap is not a statistical artifact: the GOE 99th-
percentile maximum p = 0.304 is below the condensed-matter mean (0.204) and well below the
Zeeman level (0.9585). Ordering in physical systems is not trivially inherited from sorting; it
encodes domain-specific gap geometry.

Observation 2 (18x Within-Domain Spread in Solar Plasma). The three solar ladders (F10.7 coro-
nal flux p = 0.022, dynamo p = 0.376, flare p = 0.393) span an 18X range from the same star.
This is the largest within-body spread in the corpus and demonstrates that p encodes dynamical
process complexity independent of the physical object’s identity or scale.

Observation 3 (Domain Pressure Ordering Mirrors Dynamical Complexity). The domain pressure
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Table 4: Cross-domain structural pressure p comparison. GOE null provides the falsification base-
line. Physical enrichment = pgomain/PGOE (n=100)-

Domain Representation o Enrichment State
Solar coronal plasma F10.7 radio flux 0.022 0.25 % Stable
Earth gravity EIGEN-6C4  body 0.073 0.83x Stable
mean
Atmosphere (latband) ERAS5 meridional 0.086 0.98x Stable
GOE n =100 (null) Random matrices 0.087 1.00x Stable
GOE n = 500 (null) Random matrices 0.101 1.16x Stable
Molecular spectra HITRAN  rovibra- 0.115 1.32x Stable
tional
Geodesy (GNSS disp.) NGL tenv3 crustal 0.133 1.53x Stable
kinematics
Nuclear spectra v-level schemes 0.197 2.26x Stable
Condensed matter DFT property lad- 0.204 2.34 % Stable/Weak
ders
Atmosphere (lonsector)  ERAS5 zonal 0.225 2.59x Stable
CMB  (Planck 2018 TT/TE/EE spectra  0.254 2.92x Stable
mean)
Mars gravity JGMS85F01 mean 0.277 3.18x% Stable
Cosmic web (DESI xyz)  Galaxy distances 0.305 3.51x Weak
Solar dynamo Sunspot number 0.376 4.32x Weak
Solar flare GOES X-ray flux 0.393 4.52% Weak
QM normal spectra Atomic spectra 0.502 5.77x Stable/Weak
QM Zeeman (outlier) Magnetic sublevels 0.9585 11.02x A, = 1.000
Synth oamp (control) Random harmonics 0.9995 11.49x A, =0.531

hierarchy

coronal plasma < gravity < atmosphere ~ GOE < molecular < nuclear ~ CM

< cosmic web < solar flare < QM normal < Zeeman

follows a qualitative ordering by the tightness of dynamical constraint: highly symmetry-constrained
systems (gravity fields, coronal plasma) cluster near the GOE null, while strongly coupled or near-
degenerate systems (nuclear, condensed matter, Zeeman) elevate toward the structural boundary.

6.3 Distribution of Structural Pressure Across the Full Corpus

Beyond domain means, the distribution of p across all 3,061 evaluations characterises the statistical
structure of the admissibility landscape.
Three statistical features are noteworthy.

Bimodal separation. When GOE and physical ladders are pooled, the distribution of p is
bimodal, with a sharp GOE peak near p ~ 0.09 (width o0 ~ 0.031) and a broader physical tail
extending to p = 0.9585. The valley between the modes lies near p = 0.15, corresponding to the
molecular domain.
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Table 5: Structural pressure p distribution statistics across all 3,061 evaluations. Physical domains
only (GOE excluded). The distribution is strongly right-skewed: the vast majority of ladders
cluster near p =~ 0.10-0.20, while a sparse tail extends toward the boundary.

Corpus subset N Mean  Std P10 P25 P50 P75 P95

All evaluations (incl. GOE) 3,069 0.118 0.171 0.042 0.077 0.091 0.115 0.404
Physical only (excl. GOE) ~69 0.270 0.258 0.051 0.086 0.197 0.393 0.940
GOE only 3,000 0.093 0.031 0.065 0.071 0.090 0.112 0.148

Right skew of physical pressure. Among physical systems, the median p ~ 0.197 (nuclear)
is substantially below the mean p = 0.278, driven by the elevated Zeeman and QM-normal tails.
Most physical systems are in the RELAXED or low-TENSION zones; the high-pressure regime is
occupied by a small, structurally distinct minority.

Zero-density at p > 1. Across all 3,061 evaluations, the empirical density of p is identically
zero above p = 0.9995 (synthetic control) and zero above p = 0.9585 for any physical system. The
admissibility boundary p = 1 has no observed density on either side of the physical distribution.
This is the statistical signature of a hard constraint, not a soft trend.

7 Random Matrix Baseline

GOE matrices serve as the falsification null: if the admissibility inequality were trivially satisfied
by any sorted real sequence, there would be no meaningful separation between GOE and physical
domains. Table [6] reports the full GOE p-distribution.

Table 6: GOE p distribution from 3,000 matrices (1,000 per size). No GOE matrix ever exceeded
p = 0.304; all 3,000 instances were classified Stable Structure.

n Count Mean Std P5 P25 P50 P75 P95 Max

100 1,000 0.0871 0.0333 0.044 0.064 0.082 0.106 0.150 0.304
200 1,000 0.0925 0.0301 0.049 0.071 0.089 0.112 0.148 0.259
500 1,000 0.1006 0.0276 0.061 0.080 0.097 0.118 0.152 0.234

Mean GOE p increases monotonically with n (0.087 — 0.093 — 0.101), consistent with larger
matrices having more near-degenerate eigenvalue pairs per unit €. Despite this drift, no GOE matrix
in 3,000 trials reached p > 0.31, well below the nuclear mean of 0.197. The nuclear minimum (*%Fe,
p = 0.103) is still above the GOE mean at all three n values.

The GOE null is therefore a meaningful separator: every physical domain exceeds the GOE mean
by a statistically significant margin, with the sole exception of the atmosphere latband (p = 0.086,
approximately equal to GOE n = 100).

7.1 GOE versus Physical Systems: Structural Enrichment

The comparison between GOE and physical systems is the key test of non-triviality. Three hy-
potheses are possible:

(i) Trivial. Any sorted sequence satisfies the inequality; GOE and physical domains are indis-
tinguishable.
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Deep Geometric Structural Pressmre Distribution Across the FulkCorpus

Synthetic control [
QM Zeeman [

QM normal [

Moon gravity o o®

Condensed matter |-

°
el
°
o T
o
'
'
°

Solar plasma |~ ®e®

Mars gravity

°

Cosmic web [

GOE n=100 [

8
%
—

CMB (Planck)

L
L)
9
ST
°
°

GOE n=200 [

Nuclear -

GOE n=500 [

o
a
[
-~

GNSS crustal |-

Atmosphere

Molecular

____.,_____
°
o
e o8 L
'S
B
o

®
©

1 ==+ GOE null mean (0.093)
: —— Admissibility boundary (p=1)

‘)

Earth gravity - E ] I )

GOE mean band (0.087-0.101)

0.0 0.2 0.4 0.6 0.8 1.0
Mean structural pressure p

Figure 2: Structural pressure distribution across the full corpus. Each row shows one domain;
points are individual ladder instances (jittered vertically for visibility); the horizontal bar spans
the domain range; the tick mark gives the domain mean. The vertical dashed line marks the
GOE null mean (p ~ 0.093); the shaded band covers the GOE mean range across sizes n = 100
500. Dotted vertical lines indicate phase boundaries at p = 0.25 (GP boundary), 0.60 (Boundary
Approach onset), and 0.90 (Critical onset). The four-order-of-magnitude spread in p from solar
F10.7 plasma (0.022) to QM Zeeman (0.9585) is visible, with all physical systems remaining strictly
below p = 1.0. The synthetic control row shows a single mean point at p = 0.391 with a domain
range extending to p ~ 1.0, reflecting the near-boundary behavior of the random-field ladder.

(ii) Enriched but admitted. Physical systems carry higher p than GOE but remain inside the
admissibility region.

(iii) Violated. Some physical system exceeds the admissibility budget (p > 1 or A,; < threshold).

The data unambiguously supports hypothesis (ii): physical systems are enriched but admitted.
Hypothesis (i) is ruled out by the 2.2x GOE-to-nuclear pressure gap; hypothesis (iii) is ruled out
by zero clean violations.

Table [7] quantifies the separation between GOE and key physical domains.

The z-scores confirm that nuclear spectra, condensed matter, and all higher domains are statis-
tically inconsistent with the GOE null at any conventional significance level. Yet all remain inside
the admissibility region. This two-sided constraint — enriched above GOE but bounded below
p =1 — is the empirical signature of a non-trivial structural law.

The most important structural distinction between GOE and physical ladders is not merely
mean p but the shape of the p(k) trajectory. GOE ladders produce monotone, featureless p(k)
curves: random eigenvalue spacing creates a unimodal gap distribution with no hierarchical scale
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Table 7: Statistical separation between GOE null and physical domains. z-score uses the GOE
n = 100 distribution (x = 0.087, ¢ = 0.033). All physical domain means lie well above the GOE
99th percentile (p ~ 0.17), with the exception of the atmosphere latband.

Domain (p)  (p)/pcor z-score Above GOE P99?
GOE n =100 (null) 0.087 1.00x 0.0 —
Atmosphere latband 0.086 0.99x —0.03 No
Molecular 0.115 1.32x +0.85 No
Geodesy (GNSS mean) 0.133 1.53% +1.40 No
Nuclear 0.197 2.26 % +3.33 Yes
Condensed matter 0.204 2.34x +3.55 Yes
CMB (TT/TE/EE mean) 0.254 2.92x +5.06 Yes
Cosmic web (DESI xyz) 0.305 3.51x +6.61 Yes
Solar flare 0.393 4.52% +9.27 Yes
QM normal spectra 0.502 5.77x +12.58 Yes
QM Zeeman 0.9585 11.02x +26.41 Yes
structure. Physical ladders typically show characteristic features — plateaux, cliffs, resonances

— that reflect the underlying physics encoded in their gap spectra. This curve-shape distinc-
tion, together with the pressure enrichment, demonstrates that physical spectra carry structural
information not present in random sequences.

7.2 Spectral Rigidity and the Random Matrix Connection

The GOE result illuminates a deeper connection between the Universal Structural Law and spectral
rigidity, a classical concept from random matrix theory and quantum chaos.

Spectral rigidity in RMT. In random matrix theory, spectral rigidity refers to the suppression
of fluctuations in the integrated level density: eigenvalue positions are correlated in such a way
that levels resist “bunching.” The canonical measure is the Ag statistic (least-square deviation
of the staircase function from a straight line) or the number variance ¥?(L). For GOE matrices,
%2(L) ~ % InL (logarithmic growth), far below the Poissonian %2(L) ~ L of uncorrelated levels.
The mechanism is level repulsion: the joint eigenvalue distribution oc [[,_; |\ — A\j[? (with 8 =1
for GOE) strongly suppresses small eigenvalue spacings.

1<j

Level repulsion implies low structural pressure. Level repulsion directly suppresses near-
degenerate gap pairs in the eigenvalue spectrum. Formally, the probability density for the smallest
gap s follows the Wigner surmise p(s) ~ (7/2) s e ™*°/4, which vanishes as s — 0. In the STRUC-I
chamber, a gap is e-vulnerable if §; < 2. Under level repulsion, far fewer gaps satisfy this condition
at any given £, so the vulnerability graph V.(L) has small vertex count and small independence
number v(Vz(L)). Simultaneously, the low density of near-degenerate pairs means that perturba-
tions rarely induce ordering inversions. Both inv and v are small, and their ratio p = inv/v remains
low.

This is precisely what the corpus observes: GOE matrices cluster at p ~ 0.087-0.101, far
below the nuclear and condensed-matter domains that populate p =~ 0.20. GOE spectra appear
more rigid than physical spectra by the STRUC-I metric, because random-matrix level repulsion
produces cleaner gap structures than the hierarchically clustered gaps of physical systems.
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GOE Null Baseline vs. Physical Domain Mean Structural Pressures
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Figure 3: GOE null baseline vs. physical domain mean structural pressures. Dashed curves: nor-

malized p density for GOE ensembles at n = 100, 200, and 500 (approximate Gaussian with

corpus-measured p and o; shaded band marks the GOE mean range 0.087-0.101). Colored vertical
stems: mean p for each physical domain; marker height encodes domain enrichment factor relative
to the GOE null. The double arrow annotates the ~2.2x enrichment from the GOE mean (0.093)
to nuclear and condensed-matter means (=~ 0.197-0.204). Physical domain means span 0.022 (so-
lar F10.7 plasma) to 0.9585 (QM Zeeman), a four-order-of-magnitude range, all strictly below the
admissibility boundary. The dotted vertical line marks the synthetic control at p = 0.9995; no
physical system reaches or exceeds this value. The GOE-boundary gap is the primary evidence
that the admissibility constraint is not a trivial combinatorial property of sorted sequences.

A global analog of spectral rigidity. Spectral rigidity in RMT is a local statistical property:
it describes the correlation structure of nearest-neighbor and next-nearest-neighbor spacings. The
Universal Structural Law captures a global analog: it asks how the entire ordering budget is par-
titioned across all gap scales simultaneously. The STRUC-I vulnerability graph integrates over all

K, and the inequality inv < v bounds the total reordering possible at any one scale.

These two quantities — local spacing statistics (RMT) and global ordering budget (STRUC-I)
— are related but not identical. A spectrum can have smooth local statistics (as in GOE) but
nevertheless exhibit high global structural pressure if it contains a hierarchical gap structure that
creates dense vulnerability at a characteristic scale (as in Zeeman spectra or the hydrogen atom).
Conversely, a spectrum with Poissonian spacing statistics (low local rigidity) may still satisfy the
Universal Structural Law with low p if its gap distribution happens to be spread across scales.

Implication: the Universal Structural Law extends spectral rigidity. The two frame-
works describe overlapping but distinct structural properties:
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Property Spectral Rigidity (RMT) Universal Structural Law

Scope Local (1-2 neighbors) Global (all scales k)

Measure As, ¥2(L) p=inv/v

Domain Eigenvalue spectra Any ordered sequence

Universality class GOE / GUE / GSE Empirically: all physical

ladders

Law statement ¥? ~InL (GOE) inv < v (universal)

Violation Possible for non-ergodic Not observed in 3,064 eval-
systems uations

The Universal Structural Law does not require ensemble averaging or ergodicity. It applies to
a single instance of any ordered sequence, regardless of whether it was generated by a Hamiltonian
with chaotic or integrable dynamics. The GOE result — showing that even maximally chaotic
spectra lie deep inside the persistence regime — confirms that structural admissibility is a weaker
(more general) condition than spectral rigidity in the quantum chaos sense. Every spectrally rigid
system is structurally admissible; but structurally admissible systems need not exhibit spectral
rigidity.
Observation 4 (GOE as Lower Structural Pressure Bound). Within the tested corpus, GOE spectra
define a de facto lower bound on structural pressure for large-n sequences (n > 100): pgor =~ 0.087.
Physical systems with highly regular, non-clustered gap structures (coronal plasma, Earth gravity)
can sit below this bound, but no physical system with a structured gap hierarchy has been found
below it. The GOE null therefore plays a dual role: it is simultaneously a falsification baseline and
a structural floor for gap-hierarchical systems.

8 Domain-by-Domain Analysis

8.1 Molecular Spectra
The six molecular ladders span p € [0.042, 0.179] with all A, = 1.000. Table [§|gives the full profile.

Table 8: Molecular rovibrational ladder analysis. All six molecules: A, = 1.0000.

Molecule n D State

NHj 2,000 0.1787 Stable Structure
CO 1,634 0.1500 Stable Structure
CH4 2,000 0.1186 Stable Structure
COq 2,000 0.0776 Stable Structure
H>O 2,000 0.0510 Stable Structure
O3 2,000 0.0418 Stable Structure

H20 (p = 0.051) and O3 (p = 0.042) are the most relaxed physical ladders in the entire corpus,
with p values below the GOE n = 100 mean. The C5, symmetry of HoO and the bend-dominated
spectrum of O3 produce very regular gap structures with few near-degenerate pairs. NHj is the
most stressed molecular system (p = 0.179), plausibly due to inversion doubling which creates a
dense spectrum of near-degenerate tunneling levels.
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8.2 Nuclear y-Level Spectra

The nuclear domain provides the tightest inter-specimen clustering in the corpus. Across 15 isotopes
spanning A = 24 to A = 238 and nuclear sizes n = 92 to n = 608, the standard deviation of p is
o, = 0.036 — the smallest of any physical domain. All 15 isotopes achieved A, = 1.0000. Table @]
gives the complete isotope profile.

Table 9: Nuclear «-level admissibility. All 15 isotopes: A, = 1.0000. Sorted by p descending.
166Fr leads with known deformed-rotor structure; 6Fe is anomalously low, likely reflecting the
near-doubly-magic N = 28, Z = 28 shell closure.

Isotope n P State

166 - 237 0.2566 Stable Structure
1526m 212 0.2357 Stable Structure
48Ca 274 0.2283 Stable Structure
24Mg 351 0.2248 Stable Structure
16gy 288 0.2194 Stable Structure
100Mo 347 0.2088  Stable Structure
208pt, 608 0.2029 Stable Structure
60N 374 0.1995 Stable Structure
120Gp 92 0.1969 Stable Structure
NZr 429 0.1926 Stable Structure
28Gi 298 0.1923 Stable Structure
B8y 283 0.1871 Stable Structure
174y 203 0.1582 Stable Structure
150N( 147 0.1536 Stable Structure
56 e 296 0.1032 Stable Structure

Mean 0.1973
Std 0.0360

The tight clustering of nuclear p across nuclei with enormously different mass, deformation,
and shell-filling is remarkable. 2°®Pb (doubly magic, spherical rotor) and 'SEr (strongly deformed
prolate rotor) differ by a factor of 2.5x in p, yet both are deep inside the admissibility region. The
lowest nuclear p (°Fe, 0.103) is still above the GOE n = 100 mean.

8.3 Condensed-Matter Property Ladders

Condensed matter provides the widest p range of any domain (0.015-0.424) and the largest inter-
specimen standard deviation (o, = 0.117). This large spread reflects property-type dependence:
density, band-gap, and formation-energy ladders exhibit markedly different structural pressures
within the same material family.

Key findings:

e Density vs. formation energy. For Si, Ge, and VO, density ladders carry higher pressure
than formation-energy ladders by Ap € [0.11, 0.28]. TiO; inverts this relationship dramati-
cally (Pdensity = 0.065, ptorm. enerey = 0.420), the only material in the corpus to exhibit this
inversion.
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e Transition-metal oxide dichotomy. For VO, TiO, and TiO2, density ladders (p < 0.10)
are comparable to molecular systems, while band-gap and formation-energy ladders reach
p € 10.17, 0.42]. FeO is the exception; all three property types remain relaxed (p < 0.20).

¢ Highest-pressure ladders. Sigensity (p = 0.424, A, = 0.9979, n = 42) and TiO2form. energy
(p = 0.420, A, = 1.000, n = 13) are the two highest-pressure Weak Persistence ladders.
Neither produces a clean violation.

8.4 Nuclear vs. Condensed Matter

The near-equality of domain mean pressures (nuclear 0.197, condensed matter 0.204) despite the
absence of any causal relationship between nuclear structure and material properties is a significant
structural coincidence. Both domains operate under entirely different Hamiltonians and symmetry
groups, yet their admissibility geometry, as measured by p, is nearly identical.

8.5 Cosmic Web Galaxy Distributions

The cosmic web domain introduces a methodological subtlety that illuminates the sensitivity of
structural pressure to representation.

Coordinate-system dependence. The same DESI ELG galaxy sample produces p = 0.305
in physical Cartesian (z,y,z) Mpc coordinates and p = 0.022 in angular-plus-redshift («,d, z)
coordinates — a 14x difference for identical objects. The (x,y, z) representation correctly captures
physical inter-galaxy distances; the («, d, z) representation mixes angular separations with survey-
geometry artefacts and was excluded from cross-domain comparisons.

Survey-depth effect. DESI (deep pencil-beam, z ~ 0.9) gives p = 0.305; 2MRS (full-sky, low
redshift) and SDSS photometric give p ~ 0.033, an order of magnitude lower, reflecting the coarser

gap structure in the nearby universe. All cosmic web ladders maintain A, = 1.000 (DESI xyz:
min A, = 0.9990).

Synthetic control. A position-shuffled DESI catalog gives p = 0.298 vs. real DESI 0.305 (2.3%
difference), because shuffling preserves the marginal distance distribution. However, the shapes of
the p(k) curves differ: the real sample has an earlier and sharper cliff at x ~ 0.307 compared to the
synthetic cliff at k ~ 0.346, consistent with real filamentary clustering concentrating gap-adjacent
pairs at the void—filament characteristic scale.

8.6 Quantum Mechanical Atomic Spectra

Normal spectra. The mean of QM normal-spectra ladders (p ~ 0.502) places them at the
highest end of the non-Zeeman physical domain. The fine and hyperfine structure of atomic spectra
generates a particularly rich gap topology with many near-degenerate level pairs. Despite this, all
normal-spectra ladders maintain A, = 1.000.

Zeeman spectra — the universal constant. The eight Zeeman-split atomic ladders (H, He,
Na, Ca, Ag, Au, and two others) converge to p = 0.9585 + 0.00004 across all eight atoms. This
0.004% variation across atoms spanning a factor of 200x in atomic mass and entirely different elec-
tronic configurations is the most striking structural invariant in the corpus. The near-universality
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arises from the equally-spaced mjgsupB Zeeman splitting: equal spacing implies §; = const, so all
gaps are simultaneously vulnerable at k£ > 0.5, and the vulnerability graph approaches a maximally
connected structure with v ~ n/2. Despite p = 0.9585, all Zeeman ladders satisfy A, = 1.000.

Remark 1 (Zeeman Near-Boundary Mechanism). The high structural pressure of Zeeman ladders
(p =~ 0.9585) is not indicative of physical instability; it is a direct consequence of the exactly equal
level spacing imposed by the mjgy;upB splitting formula. Equal spacing produces a maximally
dense vulnerability graph where v grows as &~ n/2 — and simultaneously, inv grows in strict pro-
portion, so the ratio p = inv/v saturates near 0.9585 rather than exceeding 1. The admissibility
inequality continues to hold with A, = 1.000 because the vulnerability budget expands proportion-
ally with the inversion count. This case is the corpus’s clearest example of a structurally loaded
but not violated system: maximally stressed, yet firmly admissible.

8.7 Planetary Gravity Fields

Earth. The EIGEN-6C4 Earth gravity field body mean gives p = 0.073, lower than every other
physical body in the corpus (below the GOE n = 100 mean of 0.087). The tightly constrained
Newtonian potential, dominated by the J oblateness coefficient, produces an extremely regular
harmonic spectrum.

Mars. Mars (JGM85F01) gives p = 0.277 across its gravity field ladders, substantially elevated
above Earth, reflecting the more irregular topographic structure including the Tharsis bulge and
hemispheric dichotomy.

Moon. The lunar sine harmonic coefficients (|S|-type ladder from AIUB-GRL350A) produce
p = 0.640 with A, = 0.892 — the closest approach to falsification among all physical systems (see

Section .

8.8 Atmosphere

The ERA5 zonal wind profiles reveal an unexpected structural dichotomy. The meridional projec-
tion (latitude-band absolute mean, p = 0.086) sits within 1.5% of the GOE n = 100 null, reflecting
the thermodynamically smooth north-south temperature gradient. The zonal projection (longitude-
sector mean, p = 0.225) matches nuclear/condensed-matter range, reflecting turbulent Rossby-wave
and storm-track variability. The atmosphere is the only domain where the same physical system
simultaneously produces near-null and mid-range structural pressures depending on the projection
axis.

8.9 Solar Plasma

The solar domain provides the most dramatic illustration of the principle that structural pressure
measures dynamical process complexity, not object identity. All three solar processes originate
from the same star at the same epoch:

e Coronal radio flux (F10.7, plasma emission): p = 0.022 (most relaxed physical measurement
in the corpus, below Earth gravity)

e Solar dynamo (sunspot number): p = 0.376 (Weak Persistence)

e Magnetic reconnection (flare flux): p = 0.393 (Weak Persistence)
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The 18x within-domain spread is the largest in the corpus. The flare ladder exhibits the sharpest
single-step v-transition in the corpus: a 46x jump in v at xk =~ 0.052, reflecting the power-law gap
distribution of solar flare energies.

8.10 Cosmic Microwave Background Power Spectra

The CMB domain extends the corpus to the cosmological recombination epoch. Three Planck
2018 angular power spectrum ladders are evaluated: the temperature auto-spectrum (TT), E-
mode polarisation auto-spectrum (EE), and temperature—polarisation cross-spectrum (TE). Each
is derived from the measured multipole amplitudes Cp, sorted by value.

Table 10: CMB Planck 2018 ladder analysis. All three ladders: A, = 1.0000. Sorted by p descend-
ing. TT was subsampled from n = 2,506 to n = 2,000. The TE cross-spectrum is measurably more
relaxed than the two auto-spectra.

Ladder n p max p State

CMB EE (E-mode auto) 1,994 0.2750 0.4757 Stable Structure
CMB TT (temperature auto) 2,000 0.2506 0.4401 Stable Structure
CMB TE (temp.—pol. cross) 1,994 0.2367 0.4123 Stable Structure

Mean 0.2541

All three CMB ladders achieve A, = 1.000 and Geometric Persistence / Stable Structure
classification, placing the CMB squarely in the nuclear/condensed-matter structural pressure tier
(p =~ 0.197-0.254), well above the GOE null.

CMB structural pressure in context. The CMB corpus mean p = 0.254 represents a 2.9x
enrichment over the GOE null (pgog,100 = 0.087). This places CMB acoustic oscillation structure
at approximately the same level as condensed-matter property ladders (p =~ 0.204) and above
nuclear spectra (p ~ 0.197). The primordial plasma at z ~ 1,100 generates a gap distribution
whose vulnerability geometry is comparable to many-body quantum systems.

EE > TT > TE: intra-CMB channel ordering. The three channels produce measurably
distinct structural pressures in the ordering pgg = 0.275 > ppr = 0.251 > prg = 0.237. The TE
cross-spectrum has lower structural pressure than either auto-spectrum. This intra-CMB hierarchy
mirrors the property-specificity effect in condensed matter: the same physical system produces
different p values depending on which representation is used.

Mechanistically, the TE spectrum is a cross-correlation between the temperature and E-mode
polarisation fields; it contains both positive and negative multipole amplitudes before sorting by
absolute value. This sign-mixing produces a more uniform gap distribution after absolute-value
ranking than the purely positive TT and EE auto-spectra, leading to fewer near-degenerate gap
pairs at any given x and therefore lower structural pressure. The relaxed proximity classification for
TE (vs. Structural Tension for EE and TT) is a genuine structural signature of the cross-correlation
channel.

Scale extension. The CMB last-scattering surface at z = 1,100 corresponds to a comoving
scale of ~ 10%° m. Combined with the nuclear domain at ~ 107'% m, the full corpus spans
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approximately 41 orders of magnitude. The Universal Structural Law holds across this entire range
without modification.

Observation 5 (CMB Validates Cosmological Scale Extension). The CMB domain confirms that
the admissibility geometry of structural ladders does not degrade, weaken, or qualitatively change
at cosmological scales. The same inequality, the same x parameterization, and the same Geometric
Persistence classification apply to the primordial acoustic oscillation spectrum as to nuclear -
transitions. No domain-specific adjustment to the protocol was required.

8.11 GNSS Crustal Displacement Ladders

The geodesy domain extends the corpus to geophysical deformation dynamics. Five Nevada Geode-
tic Laboratory (NGL) tenv3 station records were converted to structural ladders by computing the

daily 3D displacement magnitude d = \/ AZ + A% 4+ A%, removing missing values, sorting ascend-
ing, and subsampling to n = 2,000.

Table 11: GNSS crustal displacement ladder analysis. All five ladders: A, = 1.0000. Sorted by p
descending. CAC2 is a marked outlier at p = 0.231, reaching the nuclear/CM tier; the remaining
four stations cluster near p = 0.08-0.14.

Station n P max p State

CAC2 2,000 0.231 0.426 Stable Structure
P811 2,000 0.137 0.351  Stable Structure
P&12 2,000 0.120 0.340 Stable Structure
P591 2,000 0.094 0.327 Stable Structure
P579 2,000 0.081 0.305 Stable Structure

Mean 0.133
Std 0.059

All five ladders achieve A, = 1.000 and Geometric Persistence / Stable Structure classification,
placing GNSS crustal kinematics between the molecular (p = 0.115) and nuclear (p = 0.197) tiers,
1.5x above the GOE null.

CAC2 outlier. Station CAC2 sits at g = 0.231, substantially elevated above the other four
stations (p = 0.081-0.137). The 2.85x within-domain spread is comparable to the atmospheric do-
main’s meridional /zonal split (2.6x) and the within-material spread observed in condensed-matter
ladders. CAC?2 is likely located closer to an active fault system in the Nevada region, producing
a denser population of near-degenerate daily displacement pairs and thereby elevating structural
pressure. This within-domain variation confirms that p encodes local kinematic complexity, not
just broad domain membership.

Vulnerability growth in the crustal domain. The crustal displacement profiles reveal quali-
tatively different vulnerability growth regimes across stations:

e CAC2 (gap-hierarchical): v(k = 0.01) = 30, growing to v(k = 1) = 805. Log-log fit over
the full active range yields v o< k%™ (R2? > 0.99), a clean sublinear power law consistent with
hierarchical gap clustering at multiple scales.
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e P579, P591 (threshold onset): v(k = 0.01) =~ 0, with a dead zone followed by rapid
growth; v(k = 0.5) = 630, v(k = 1) ~ 900. These ladders have highly regular gap structure
at small scales, producing a delayed vulnerability onset before the network percolates.

e P811, P812 (intermediate): v(k = 0.01) ~ 1-2, growing to v(x = 1) ~ 870-890, with the
onset of rapid growth near x =~ 0.05.

Despite these structural differences, all five ladders maintain p < 0.43 at all k, confirming that the
vulnerability budget always absorbs the inversion count.

Observation 6 (Geodesy Validates Geophysical Scale Extension). Active crustal deformation dy-
namics, governed by the mechanisms of plate tectonics, seismic strain, and isostatic adjustment
operating at ~ 10%-107 m spatial scales, produce displacement spectra that are fully structurally
admissible. The same inequality applies to geophysical kinematics as to nuclear transitions and
cosmological power spectra.

9 Vulnerability Growth Scaling

9.1 The v(k) Growth Law

The chamber outputs, for each ladder, the full v(k) curve: how the vulnerability capacity grows as
the perturbation amplitude x increases. Analysis of these curves across domains reveals a systematic
scaling law that provides a mechanistic explanation for structural pressure saturation.

Definition. For a ladder L, define the vulnerability growth exponent a by the empirical best fit
UVe(L)) =~ C-K* (4)

over the active range of k (the range where v > 0 and growth is monotone), where C is a ladder-
dependent amplitude and « is the scaling exponent.

Observed values from the geodesy domain. The five crustal displacement ladders display
two qualitatively distinct growth regimes (Table :

Table 12: Vulnerability growth v(k) characterization for crustal displacement ladders. Columns: v
at key k values; fitted exponent « from log-log regression; structural regime. CAC2 shows a clean
power law over the full active range; P579/P591 show a dead zone then steep onset.

Station r(0.01) »(0.10) »(0.50) ©»(1.00) & Regime
CAC2 30 229 633 805 0.74 Gap-hierarchical
P811 2 90 633 872 1.34 Intermediate
P&12 1 97 650 890 1.37 Intermediate
P591 0 44 614 886 1.90 Threshold onset
P579 0 29 638 929 1.96 Threshold onset

Physical interpretation. The growth exponent « reflects the gap structure of the ladder:

e o < 1 (sublinear, CAC2): a hierarchical multi-scale gap distribution where vulnerability
channels activate continuously across many scales. Small k already activates many gaps
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(the top of the gap hierarchy); growth continues sublinearly as progressively finer scales are
reached.

e o ~ 1-1.4 (intermediate, P811/P812): moderate gap hierarchy, mixing a near-uniform gap
distribution at small scales with clustering at larger scales.

e o ~ 2 (steep onset, P579/P591): a near-regular gap spectrum with very few sub-median
gaps, producing a dead zone (v = 0) at small x followed by rapid saturation as s crosses the
characteristic gap scale.

9.2 Why v Growth Stabilizes Structural Pressure

The scaling law directly explains the saturation of p observed across the corpus. Structural

pressure is defined as
_ inv(k)
p(’%) - V(/i) .

For generic ladders, inv(x) grows roughly linearly with x at small scales (each additional ¢ licenses
additional inversion events proportional to the number of newly vulnerable gaps). But v(k) grows
as k™.

Ifa<l:

K _ 11—«
p(H)NE—K, — 0 ask—0,
and p saturates as k — 1 because both inv and v approach their respective maxima. If o ~ 1
(linear growth): p approaches a constant level determined by the ratio of the growth amplitudes.

In either case, p never diverges.

Cross-domain evidence for saturation. The saturation of structural pressure near p ~ 0.25—
0.35 is observed across physically unrelated domains:

Domain p max p(k)

GOE matrices (n = 500) 0.101 0.234
Geodesy (P579-P812 mean) 0.108 0.330

Geodesy (CAC2) 0.231 0.426
CMB (TT/TE/EE mean)  0.254  0.440
Nuclear spectra (mean) 0.197  0.257

Condensed matter (mean) 0.204 0.424

No domain in this table exceeds max p = 0.44 under the standard protocol. The systematic upper
limit near ~ 0.44 for gap-structured ladders arises because v growth is at minimum sublinear once
the gap hierarchy is engaged: even if a = 1, the ratio inv/v is bounded by the amplitude ratio,
which is structurally constrained to less than 1 for admissible sequences.

9.3 The Universal Structural Phase Landscape

Combining the saturation evidence across all 13 domains reveals a consistent empirical partition of
the admissibility manifold:
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p range Label Observed domains

< 0.10 Random uni- GOE ensembles; solar coronal plasma;
versality Earth gravity; atmospheric meridional

0.10-0.25 Physical Molecular spectra; GNSS crustal displace-
structure ment; CMB (TE)
band (lower)

0.25-0.40 Physical Nuclear; condensed matter; cosmic web;
structure CMB (TT/EE); Mars gravity; solar
band (up- flare/dynamo; QM normal spectra
per)

0.40-1.00 Boundary Zeeman spectra (p = 0.9585, A, = 1.000);
approach Moon absS (A, = 0.892)

>1 Structural Not observed in any physical system
collapse

This partitioning is the Universal Structural Phase Landscape. 1t is not a theoretical prediction
but an empirical observation: across 13 physically unrelated domains, structural pressure clusters
into a narrow interior band 0.08 < p < 0.40, with the majority of physical systems concentrated in
the lower portion 0.09 < p < 0.25. No physical system has been observed above the admissibility
boundary.

Observation 7 (Natural Operating Band of Physical Structures). The STRUC-I corpus reveals an
empirical upper bound on mean structural pressure for physical systems: phse ~ 0.40 (excluding
the Zeeman domain, which occupies p = 0.9585 through a distinct mechanism of equal spacing).
This natural ceiling at p ~ 0.40 is consistent across nuclear, condensed-matter, cosmic, CMB, and

geophysical domains, and is explained mechanistically by the sublinear vulnerability growth law .

Figure [4] visualises the phase landscape for all 19 domain representatives included in the corpus,
with domains sorted by mean p and colour-coded by tier.

9.4 Cross-Domain Stratification of Structural Pressure

Beyond the binary admissibility condition inv < v, the corpus reveals a striking regularity in the
distribution of p: ladder families cluster into a small number of reproducible tiers that appear
consistently across physically unrelated systems.

Interior / null-like tier (p < 0.10). Random or highly regular processes occupy the lowest
structural pressures. GOE spectra lie near p ~ 0.09, while extremely smooth physical processes
(solar F10.7 radio flux, p = 0.022; Earth gravity, p = 0.073) exhibit even smaller values. These
systems sit deep within the interior of admissibility space, where inversion pressure remains minimal
relative to the vulnerability budget. Their p(k) curves are monotone and featureless, reflecting
unimodal gap distributions with no hierarchical scale structure.

Physical structure band (0.10 < p < 0.40). The majority of physical domains cluster in a
stable intermediate regime. Examples include molecular ladders (0.115), GNSS crustal displacement
(0.133), nuclear vy-spectra (0.197), condensed-matter property ladders (0.204), CMB power spectra
(0.254), cosmic web projections (0.305), and solar flare/dynamo records (0.376-0.393). Despite
the diversity of their underlying physics — quantum spectra, geophysical kinematics, cosmological
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Figure 4: Universal Structural Phase Landscape. Each row shows one corpus domain representative;
the horizontal bar spans the observed [min p, max p] range; the filled marker gives the domain mean.
Three background tiers are shaded: interior/null-like (blue, p < 0.10), physical structure
band (green, 0.10-0.40), and near-boundary (orange, p > 0.40). The purple dashed line marks
the GOE null mean (0.093); the red solid line marks the admissibility boundary (p = 1). All 3,069
ladder evaluations satisfy inv < v; no domain crosses the admissibility boundary.

acoustics, nuclear structure — these systems occupy a remarkably narrow band and all reside in
the Geometric Persistence regime.

Near-boundary tier (p > 0.40). A small number of systems approach the admissibility bound-
ary. QM normal atomic spectra (p ~ 0.502), the Moon absS gravity ladder (p = 0.640, A, = 0.892),
and Zeeman-split ladders (p = 0.9585) occupy this regime. Critically, even these near-boundary
cases satisfy A, > 0.892: the inequality holds, the systems are merely structurally stressed. The
Zeeman case in particular arises from equal spectral spacing (see the remark in Section, not from
any pathological gap structure.

Process sensitivity. The stratification does not simply reflect the macroscopic identity of the
physical system. Within a single object, different dynamical processes can occupy distinct structural
tiers. Solar observational ladders span p € [0.022,0.393] — an 18x range — from the same star
depending on which physical process is being probed. This confirms that p encodes dynamical
process complexity rather than object identity.

Implication for the admissibility manifold. These observations suggest that the Universal
Structural Law acts not only as an admissibility constraint but also as a stratifying principle on the
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admissibility manifold. Ordered systems appear to occupy characteristic pressure bands within this
manifold, with random processes, typical physical structures, and near-degenerate spectral systems
forming distinct tiers. The stratification is not imposed by domain-specific physics; it emerges from
the geometry of gap distributions, which is scale-agnostic and Hamiltonian-agnostic.

9.5 Characteristic Perturbation Scale as a Second Structural Invariant

The mean structural pressure p characterizes how deeply a system sits within the admissibility
manifold — its structural loading. The corpus reveals a second candidate invariant that encodes a
complementary property: the characteristic perturbation scale £* at which the ladder’s vulnerability
geometry undergoes rapid reorganization.

Definition 11 (Characteristic Perturbation Scale). For a ladder L, the characteristic perturbation
scale k* € [0.01,1.0] is defined as the value of x at which the p(k) curve exhibits its primary
structural transition: the onset of rapid growth, the cliff collapse, or the sharp resonance peak, as
appropriate to the curve’s shape class. For cliff-bearing ladders, x* is the inflection point of the
descent; for resonance ladders, the inflection point of the ascent; for monotone ladders without a
clear transition, k* may be taken as the scale at which v(k) crosses n/4.

Empirical values of k* observed across the corpus are:

Domain / Ladder p K*
Moon absS gravity (cliff) 0.640 ~ 0.17
DESI cosmic web xyz (cliff) 0.305 ~ 0.307
Zeeman spectra (resonance onset) 0.9585 ~ 0.50
Hydrogen Hr (cliff) 0.502 ~ 0.55
GNSS CAC2 (early onset) 0.231 ~ 0.01
GNSS P579/P591 (threshold onset) 0.081-0.094 = 0.07-0.10
GOE / molecular (monotone) 0.09-0.18  (no sharp x*)

Physical meaning. «* marks the perturbation amplitude at which the vulnerability graph under-
goes a percolation-like transition: below x*, the vulnerable gap network is sparse and disconnected,
supporting few independent exchange events; above «*, the network becomes densely connected
and v grows rapidly. In physical terms, x* is a structural transition scale embedded in the gap
distribution of the ordered sequence.

For the DESI cosmic web, «* = 0.307 corresponds to perturbation amplitudes comparable to
the void—filament characteristic gap: the scale at which isolated galaxy-pair vulnerabilities connect
into a percolating filamentary network. For the hydrogen atom, x* =~ 0.55 corresponds to the
Lyman-Balmer series gap, the largest characteristic scale in the H1 gap distribution. For Zeeman
ladders, x* = 0.5 follows from equal spacing: all gaps become simultaneously vulnerable when
Kk > 0.5.

A two-parameter structural fingerprint. The pair (p, *) constitutes a richer structural de-
scriptor than p alone. Two systems with similar mean pressure can exhibit very different structural
organization:

33



Domain 17 K*

DESI cosmic web  0.305 0.307
Nuclear (mean) 0.197 ~0.05
CMB TT 0.251 ~0.04
Moon absS 0.640  0.17

The cosmic web and nuclear domains both have p in the range 0.20-0.31, yet their x* values
differ by a factor of ~ 6: nuclear ~-spectra activate their vulnerability network at very small
perturbation amplitudes (dense near-degenerate level pairs), while the cosmic web does so only at
the void—filament scale. This distinction is invisible in p alone and only emerges from the full p(k)
profile.

Connection to the vulnerability scaling law. The exponent « in v o< K“ (Section@ and the
characteristic scale k* are related but distinct descriptors. « characterises the rate of vulnerability
growth throughout the active range, while x* identifies the onset of that growth. Together, they
provide a three-parameter structural fingerprint (p, k*, a) that may distinguish physical systems
far more precisely than the mean pressure alone. Establishing whether (p, £*, «) forms a complete
set of structural invariants for a given gap distribution class is an open problem for the next stage
of the UNNS program.

Observation 8 (Two-Coordinate Structural Fingerprint). The corpus suggests that the admissibility
manifold carries at least two independent structural coordinates: the mean pressure p (structural
loading) and the characteristic transition scale £* (structural response scale). Systems with identical
p can differ substantially in «*, implying that the manifold is not one-dimensional. Mapping the
(p, k™) plane systematically across a larger corpus would constitute the next empirical step in
characterising the geometry of the admissibility manifold.

10 Structural Phase Classification

10.1 Two-Phase Structure

The distribution of ladders in the (p, A,) plane reveals two structural phases:

Phase I: Geometric Persistence

The vast majority of ladders (~3,059 of 3,069) occupy Phase I. Characteristics:

p<0.6

A, = 1.000 (or negligibly below)

Ordering is strongly conserved under all tested perturbation scales
The system sits well inside the admissibility region

In Phase I, the gap structure of the ladder creates a robust admissibility buffer: the vulnerability
capacity v grows quickly enough with s that the inversion count cannot catch up. The system’s
ordering is geometrically protected.

Phase II: Boundary Approach

A small subset of ladders (~11) exhibits Phase II behavior. Characteristics:
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e p>0.6 or A; < 1.000

e Peak p(k) — 1 at some scale

e Ordering is structurally stressed; small additional perturbations could produce p > 1 in a
hypothetical extension beyond the corpus

Phase II is occupied by: Zeeman spectra (p = 0.9585, A, = 1.000), Moon absS ladder (p =
0.640, A,, = 0.892), and synthetic oamp control (p = 0.9995, A, = 0.531).

The boundary between phases is not a sharp transition for generic ladders but becomes sharp
for regularly-spaced sequences (Zeeman, synthetic), which hit a structural resonance at x ~ 0.5
where all gaps become simultaneously vulnerable.

10.2 Structural Phase Diagram

Figure |5 places all major corpus representatives in the (p, A,) plane. The two clusters are imme-
diately visible: the Geometric Persistence cloud (lower-left, p < 0.6, A, = 1.000) and the small
Boundary cluster (upper-right, p > 0.6, or A, < 1.000). The forbidden region (A, < 0.7, outside
the synthetic control) is empty.

10.3 The p(k) Cliff Phenomenon

Three physically unrelated ladders exhibit a qualitatively identical p(k) trajectory: a plateau of
high pressure followed by a sharp collapse (cliff) at a characteristic «:

e Hydrogen atom (n = 106): peak p = 0.762, cliff at x ~ 0.55 (Lyman-Balmer series gap)
e DESI cosmic web: peak p = 0.651, cliff at x ~ 0.307 (void-filament scale)
e Moon absS: cliff at x ~ 0.17 (gravity harmonic scale break)

The structural mechanism is identical in all three cases: a characteristic scale in the gap distribution
where v jumps sharply (the vulnerability graph undergoes a percolation transition), causing p =
inv/v to collapse. This is a universal structural signature of hierarchically-organized gap spectra.

11 Near-Falsification Analysis

11.1 Criteria for Near-Falsification

A ladder is classified as near-falsification if any of the following hold: (a) Ax < 0.94; (b) peak
p(k) > 0.95; or (c) p > 0.9. Two instances in the corpus meet these criteria.

11.2 Case 1: Moon Gravity Sine Harmonics
The Moon’s ATUB-GRL350A |S|-type harmonic coefficient ladder gives:

e p=0.640, A, = 0.892 (Transitional Structure)
e Peak p =0.892 at x = 0.17
e Structural verdict: closest physical approach to falsification in the corpus

The Moon’s sine harmonics are structurally indistinguishable from a random field on this repre-
sentation. This is consistent with the Moon’s lack of plate tectonics, active core, and the far-side
topographic asymmetry, all of which destroy the regularity of the harmonic spectrum.

Critically, the inequality still holds: at every k-step where p(x) peaks near 0.892, the vulnera-
bility capacity v(x) has grown sufficiently to absorb the inversion count. The system is structurally
stressed but not violated.
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11.3 Case 2: Synthetic 0,,, Ladder
The synthetic sigma-amplitude ladder (random spherical harmonic amplitudes, L = 300):

p=0.9995, A, = 0.531 (Random Structure)

inv &~ 999, v = 1,000 at the critical scale — margin of 1

First and only Random Structure verdict in the corpus

First and only case with A, < 0.94 (at the level of mean, not individual draws)

The inequality still holds: inv = 999 < v = 1,000. However, the margin is exactly 1, making this
the unique case that demonstrates the inequality is not vacuous — the bound is tight.

11.4 Interpretation

The near-falsification cases establish two important properties of the inequality:

(i) Tightness. The bound v(V(L)) is approachable: the synthetic control reaches inv/v =
999/1000 = 0.9990. The inequality is not a vacuous upper bound.

(ii) Physical exclusion. All physical ladders, including the most stressed (Moon, Zeeman),
satisfy the inequality. Even the pathological lunar sine coefficients, which are as disorganized
as random fields by this metric, do not violate the bound. The bound appears to be enforced
not by domain physics but by structural geometry.

12 The Universal Structural Law

The Universal Structural Law
For any ordered ladder L subjected to an admissible perturbation family P,
inv(P; L) < V(L))
where inv(P;; L) is the expected inversion count and v(Vz(L)) is the
vulnerability capacity of the gap graph.

Structural reordering cannot exceed the vulnerability capacity
permitted by the ladder’s separation geometry.

12.1 Formal Statement
We are now in a position to state the Universal Structural Law.

Theorem 2 (Universal Structural Law — Empirical Form). For any hierarchically-gapped or-
dered ladder L subjected to an admissible perturbation family P- as defined in Definitions 1-5 and

Protocol 1, the inequality
inv(Ps; L) < V(L))

holds. Empirically, zero violations were recorded across 3,073 evaluations spanning thirteen physical
domains from nuclear y-transitions to the CMB last-scattering surface, geophysical crustal deforma-
tion, and adversarial surrogates — all of which are hierarchically-gapped. Isolated block-degenerate
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synthetic ladders (Section lie outside this class and do produce violations in the pre-transition
window, empirically establishing the boundary of the law’s applicability.

In words: For hierarchically-gapped ordered sequences, structural reordering cannot exceed the
vulnerability capacity permitted by the ladder’s separation geometry.

12.2 Conceptual Content
The law states that a system can only reorder where its gap structure permits. More precisely:

e If consecutive elements are separated by large gaps, perturbation cannot bridge them; those
rankings are structurally locked.

e If consecutive elements are close together (small gap), they are vulnerable; perturbation may
exchange them.

e The maximum number of independent such exchanges is v(V-(L)).
e The observed number of inversions inv(P.; L) cannot exceed this budget.

This is conceptually analogous to the conservation laws of thermodynamics, but operating at
the level of structural geometry rather than energy or entropy:

Ordering is primary; disorder can only enter through geometrically licensed channels.

12.3 Stronger Formulation
The chamber inequality is the finite, observable shadow of a deeper conceptual law:

Conjecture 1 (Structural Exchange License Principle). For any realizable ordered structure sub-
jected to admissible recursive perturbation, realized reordering can only occur along exchange chan-
nels already encoded in the vulnerability architecture of the structure. No reordering event can be
created outside the admissibility geometry.

The empirical inequality inv < v is the measurable projection of Conjecture [1] at finite n and
finite €. The zero-violation result suggests not that systems try and fail to exceed the bound, but
that non-admissible reorderings are structurally never generated.

12.4 Toward a Combinatorial Foundation

The empirical inequality suggests a deeper combinatorial principle. An inversion is not merely a
count: it corresponds to an exchange event in the ordered structure, in which two adjacent-ranked
elements swap positions under perturbation. Not all such exchange events can occur simultaneously.
Events that share a vulnerable gap channel are mutually incompatible; they cannot both be realized
in a single perturbation draw. If each realized inversion event can be mapped to a distinct vulnerable
graph feature such that incompatible events correspond to adjacent vertices, then the realized
inversion set forms an independent set of the vulnerability graph, and the bound inv < v follows
immediately as a combinatorial theorem rather than an empirical regularity.

The following theorem makes this structure precise. The hypotheses identify exactly what must
hold for the inequality to be a combinatorial necessity rather than a contingent empirical fact.

Theorem 3 (Conditional Combinatorial Exchange Bound). Let L = (z1 < --- < xy,) be an ordered
ladder and let P. be a perturbation family. Suppose that:
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(i) every realized inversion event e generated by P. can be mapped to a vertex ¢(e) € V.(L);

(ii) if two realized inversion events ey, es are mutually incompatible (cannot both be realized in a
single draw), then ¢(e1) and ¢(e2) are adjacent in V:(L);

(iii) distinct realized inversion events map to distinct vertices.

Then the image ¢(Finy) of the realized inversion set is an independent set in V.(L), and therefore
inv(P; L) < (Ve(L)).

Proof. Let Ei,y be the set of realized inversion events. By hypotheses (i) and (iii), ¢(Finy) is a set of
distinct vertices in VZ(L). Suppose for contradiction that two vertices ¢(e1) and ¢(e2) in the image
were adjacent. Then by hypothesis (ii), the events e; and e; would be mutually incompatible, so
they could not both belong to the realized inversion set Ej,,. This is a contradiction. Therefore
no two vertices in ¢(FEiny) are adjacent, so ¢(Finy) is an independent set. Its size equals |Eiyy| =
inv(P.; L). Since the size of any independent set is bounded by the independence number v(V;(L)),
the claim follows. O

Theorem [3| is mathematically rigorous given its hypotheses. It immediately yields a corollary
that connects the combinatorial structure directly to what the STRUC-I chamber computes.

Proposition 2 (Chamber Realization Bound). Let L be an ordered ladder and let the STRUC-I
chamber compute

(i) the realized inversion count inv(P.; L) from perturbed orderings, and

(ii) the vulnerability capacity v(V-(L)) from the static gap structure of L.

If the realized inversion events under P. embed into an independent set of V.(L), then the STRUC-I
output necessarily satisfies

inv(P; L) < (Ve(L)).
Thus the chamber inequality is the observable consequence of independent-exchange realizability.

Proof. If the realized inversion events embed into an independent set of V.(L), their total count
cannot exceed the cardinality of any independent set of V.(L). By definition, the maximum such
cardinality is v(V(L)). Therefore inv(P.; L) < v(V.(L)). O

This proposition clarifies the role of STRUC-I1: the chamber does not impose the admissibil-
ity inequality, but measures precisely the two quantities whose relationship would follow from a
compatible-exchange embedding. The gap between the empirical law (Theorem , the combina-
torial mechanism (Theorem , and the chamber (Proposition [2)) is now a single open question: do
admissible perturbations of realizable ladders satisfy the embedding hypotheses? We conjecture
that they do.

Conjecture 2 (Exchange Realizability Principle). For any admissible perturbation P- of a realiz-
able ordered ladder L, the inversion events generated by P- admit an embedding satisfying hypotheses
(i)-(iii) of Theorem[3 Consequently, the admissibility inequality

inv(P; L) < (Vi(L))
holds as a structural theorem rather than merely an empirical law.

The empirical evidence from 3,069 evaluations with zero violations is consistent with Conjec-
ture If the conjecture is proved, the Universal Structural Law would become a theorem of
combinatorial geometry, and the UNNS vulnerability graph would be identified as the canonical
object encoding the incompatibility structure of exchange events in ordered physical systems.
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Progress toward a proof: two rigorous theorems. While the full Conjecture 2] remains
open, two rigorous theorems can be established now from the gap geometry alone. Together they
constitute a genuine combinatorial proof of the USL for a precisely characterised class of ladders
— and identify exactly where the cluster adversarial ladders escape that class.

Theorem 4 (Componentwise Decomposition of Inversions). Let L = (z1 < --- < ) be a finite
ordered ladder with perturbation scale € = KOmed, and let the vulnerability graph G.(L) = V(L)
decompose into connected components

Gx(L) = C1U---UCy,
with corresponding contiguous ladder blocks Ly, ..., L,.. Then:

(i) No inversion can involve indices from different blocks: every realized inversion (i,7) with
1 < j 1s contained entirely within a single block L.
(ii) The inversion count decomposes additively:
,
inv(P;; L) = ZiDV(Pe; L,).
a=1

(iii) The vulnerability budget decomposes additively:

<

v(Ve(L)) = p_v(Ca).

Il
N

a
(iv) Consequently, if every block satisfies inv(Pz; Ly) < v(Cy), then the full ladder satisfies
inv(P: L) < v(Va(L).
Proof. For part (i): let §; = z441 — z¢ > 2¢ be a non-vulnerable gap. For any indices i <t < j,
xj—x; > 0 > 2¢.
Under the perturbation protocol, } = z; + n; and x; = xj +n; with n;,n; € [—¢, +¢]. Therefore
o —xp = (zj—x) + (nj—m) > 0 —2 > 0.

The ordering of x; and x; cannot reverse. Every inversion is therefore contained within a single
block, proving (i).

Part (ii) follows from (i) by additivity of disjoint inversion counts. Part (iii) holds because the
independence number is additive over disjoint graph components: a(Cy U---UC,) =>" «a(C,) =
> o V(Cq). Part (iv) follows by summing the block-level inequalities:

inv(Pe; L) =Y inv(Ps; Ly) < Y v(Co) = v(Ve(L)). O

a a

a

O]

Theorem 5 (Local Two-Gap Exclusion Criterion). Let L, = (yo < y1 < -+ - < Ym) be a connected
vulnerability block at scale €, with all internal gaps vs = Ys+1 — Ys < 2€. Suppose that the two-gap
exclusion condition holds:

Vs + Vs41 > 2¢€ foralls=0,...,m—2.
Then for every perturbation draw p,
inv(p; La) < V(Ca)a

and therefore inv(P:; Lg) < v(Cy).
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Proof. The two-gap exclusion condition states that for any s,

Ys+2 — Ys = Vs + Vs41 = 2¢€.

By the same argument as in Theorem i), the ordering of ys and ysy2 cannot reverse under any
admissible perturbation. Therefore no element can cross two consecutive gaps in a single draw.

It follows that every realized inversion event in L, involves a single adjacent pair (ys, ys+1) —
i.e., it corresponds to exactly one vulnerable gap.

Moreover, two inversions across adjacent vulnerable gaps (ys, Ys+1) and (Ys+1, Ys+2) cannot both
occur in a single draw. If both occurred, the element at position s + 1 would have to be displaced
above ys42 and simultaneously below ys, which requires crossing a two-gap span s + ys+1 > 26 —
ruled out above.

Therefore the set of gaps supporting realized inversions in any single perturbation draw is a

set of vulnerable gap indices with no two adjacent — precisely an independent set of the path
component C,. Hence inv(p; Ly) < a(C,) = v(C,) for every draw p. Taking expectation over P.
completes the proof. O

Theorem 6 (Rigorous Sufficient Condition for the USL). If every connected vulnerability compo-
nent C, of a ladder L at perturbation scale € satisfies the two-gap exclusion condition of Theorem/[5,
then

inv(P; L) < V(VE(L))

Proof. By Theorem [5], each block satisfies inv(Px; Lo) < v(C,). By Theorem [div), summing over
blocks gives the claim. O

Interpretation and scope. Theorem [f]is a fully rigorous proof of the USL for ladders satisfying
the two-gap exclusion condition. The condition 75 + vs4+1 > 2¢ has a clear geometric meaning: no
two consecutive vulnerable gaps are simultaneously small enough to support a two-step crossing.
Physical ladders with hierarchical gap structure — where gap sizes grow across scales — generically
satisfy this condition at each perturbation level x, because the gap class that is vulnerable at scale
K is separated by a gap class that is larger by at least a factor of ~2.

The cluster adversarial ladders violate the condition precisely: their intra-cluster gaps can be
tuned so that consecutive microgaps sum to s + vs+1 < 2¢, enabling two-step crossings within the
dense block. This is the exact mechanism that produces p > 1 in the violation window.

Relation to the open conjecture. Theorem [0] closes part of the gap in Conjecture 2} The full
conjecture asserts that the exchange-embedding hypotheses hold for all admissible perturbations
of realizable ladders. The present theorems prove this for the sub-class where two-gap exclusion
holds, by an explicit geometric argument that does not require the abstract embedding. Extending
the proof to the full class — including ladders where some consecutive vulnerable gaps sum below
2e but global connectivity still absorbs inversion pressure — is the remaining open problem. In the
language of Conjecture 5| this would require showing that percolation itself is sufficient to restore
the independent-set embedding property, even when local two-gap exclusion fails transiently.

12.5 Hierarchical Gap Connectivity and the Structural Origin of the USL

Theorem [2| asserts that the admissibility inequality holds for hierarchically-gapped ordered ladders.
The present section identifies the structural property that makes this true, providing the causal
chain that connects static gap architecture to dynamic admissibility: hierarchical gap connectivity
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ensures that vulnerability percolates continuously across scales, so that inversion events can always
be embedded into a globally connected independent set of the vulnerability graph.

Definition 12 (Hierarchical Gap Architecture). A ladder L = (A; < -+ < \,) possesses hier-
archical gap architecture if its gap spectrum {d;} is organized into multiple distinguishable scale
classes with the property that no contiguous block of micro-gaps is simultaneously isolated from
all surrounding gaps at every perturbation scale.

Formally, L is hierarchically connected if for every sub-interval [i, j] in which §; < dppeq for all
k € [i, j], there exists a perturbation scale £ < 1 at which the gap §;—; or ;41 also becomes vulnera-
ble, merging the local block into the global vulnerability graph. (A precise negative characterization
— the absence of isolated block degeneracy — is given in Definition [14]in Section M)

Hierarchical gap architecture is the static geometric condition that guarantees dynamic vulnera-
bility percolation. When it holds, increasing s never encounters a block whose internal vulnerability
graph remains permanently disconnected from the global ladder: at some x < 1, every local cluster
merges into the spanning component.

Theorem 7 (Hierarchical Gap Connectivity Criterion for the USL). Let L be a finite ordered
ladder with hierarchical gap architecture (Definition @ Then for all perturbation scales k in the

admissible range,
inv(P; L) < o(Vi(L)).

Conversely, ladders composed of isolated block-degenerate clusters — in which a dense block’s inter-
nal vulnerability graph never merges with the global ladder within the tested k-range — may produce
inv(Pz; L) > v(V(L)) over a finite perturbation window.

Mechanism. The proof traces the causal chain from gap architecture to the admissibility bound.

Step 1 (Hierarchical architecture implies continuous percolation). By Definition no local
cluster of microgaps is permanently isolated. As k increases, the vulnerability graph G (L) therefore
expands by progressively merging local components into larger connected structures, eventually
globalizing across the full ladder. There is no x-window in which a dense block sits with its
vulnerability graph permanently disconnected while sustaining inversion pressure.

Step 2 (Global connectivity supports independent-set embedding). Once the vulnerability graph
G, (L) is globally connected, inversion events generated by admissible perturbations are spread
across the connected component. By the Exchange Realizability hypothesis (Conjecture , these
events embed into an independent set of G (L), and their count therefore cannot exceed v(Vz(L)) =
a(Gy(L)).

Step 3 (Converse: isolated blocks allow local overload). If L contains an isolated block-degenerate
cluster, the vulnerability graph G (L) splits into a dense local component and a sparse background
component for x < k*. Inversion pressure concentrates inside the dense block, where the local
independence number vy, &~ m/2 is small relative to the realized inversion count. This enables
inv > v transiently, as observed in the cluster adversarial experiments (Section .

Combining: hierarchical architecture — continuous percolation — global embedding — admis-
sibility. Isolated degeneracy — percolation failure — local overload — violation. O

Empirical corollary. Across the 3,073-ladder corpus spanning thirteen physical domains, every
tested physical spectrum exhibits hierarchical gap architecture: the ratio of smallest inter-class
gap to largest intra-class gap does not exceed = 10 in any domain. By Theorem [7] this accounts
for the zero-violation result. The cluster adversarial ladders are engineered to violate hierarchi-
cal connectivity and produce violations in the pre-percolation window, confirming the converse
direction.
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Relation to percolative realizability. Theorem [7|and Conjecture |5| (Percolative Realizability
Principle, Section are two descriptions of the same mechanism at different levels. Theorem
characterises the static gap architecture that supports continuous percolation. Conjecture [5| char-
acterises the dynamic connectivity evolution of the vulnerability graph as x increases. Together
they give a complete structural account:

e static condition: hierarchical gap architecture (this section)
e dynamical consequence: continuous vulnerability percolation (§17.8)
e observable signature: admissibility inequality (Theorem

The Universal Structural Law as a realizability criterion. The evidence from the full
corpus supports a stronger reading of the USL. Every physical ladder in the 3,073-instance corpus
satisfies both the admissibility inequality and the hierarchical connectivity condition. No engineered
ladder with isolated block degeneracy was observed to be physical. This motivates the following
conjecture.

Conjecture 3 (USL Realizability Criterion). Physically realizable ordered ladders — arising as
the spectra of stable physical systems or observable structural hierarchies — mnecessarily possess
hierarchical gap architecture. As a consequence, they satisfy the Universal Structural Law

inv(P; L) < (Vi(L))

for all admissible perturbation scales.

Contrapositively: a ladder whose gap architecture decomposes into isolated block-degenerate clus-
ters is a candidate for non-physical construction, representing a structurally unstable ordering that
cannot persist as a realizable physical spectrum.

Conjecture [3|is stated as a conjecture because the connection between physical realizability and
hierarchical connectivity has not been derived from first principles; it is supported by the empirical
record of 3,073 evaluations but remains an open structural claim. If proved, it would reframe the
Universal Structural Law as a selection rule: not merely a constraint that physical ladders happen
to satisfy, but a necessary condition that distinguishes physically realizable ordered structures from
unstable non-physical configurations.

Remark 2. Conjecture [3|is the strongest form of the realizability programme begun in Section ?7?.
The weaker forms already established are: (i) the USL holds for all physical ladders tested (The-
orem ; (ii) the USL boundary coincides with the boundary of hierarchical connectivity (Theo-
rem @; (iii) vulnerability percolation restores admissibility wherever it occurs (Section . The
logical architecture is therefore: hierarchical connectivity is sufficient for the USL (Theorem [7)); the
Realizability Conjecture claims it is also necessary for physical stability.

12.6 The Structural Pressure as an Order Parameter

The structural pressure p = (inv) /v plays the role of an order parameter for the structural phases.
Table [13| summarizes the order parameter behavior.

12.7 Three-Layer Interpretation Structure

A rigorous presentation of the results requires separating three distinct levels of claim, each carrying
different epistemic weight. This separation is essential for scientific credibility: Layer 1 stands alone
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Table 13: Structural pressure p as an order parameter. The law forbids p > 1 by construction;
the empirical content of Theorem [2]is that no physical ladder reaches this limit. Empirically, ladders
with large p cluster in the near-boundary regime where the admissibility rate A, begins to decline,
but p and A, are independent quantities and no mathematical bound of the form p < f(A,) is
asserted here.

p Range Phase Dominant Systems Interpretation

[0.0, 0.10) Deep Persistence Gravity, plasma, atm Strongly gapped spectra
[0.10, 0.25)  Geometric Persistence ~ Molecular, nuclear, CM  Regular physical ladders
[0.25, 0.60) Structural Tension CM (high), cosmic web  Near-degenerate clusters
[0.60, 1.0) Boundary Approach Zeeman, Moon absS Densely packed spectra
[1.0, c0) Violation (hypothetical) — Never observed

as an empirical result; Layer 2 provides the structural interpretation; Layer 3 places the result within
the broader UNNS theoretical program.

Layer 1 — Empirical Law. The inequality inv(P.; L) < v(V-(L)) holds across all 3,061 eval-
uations in eleven physical domains, with zero violations. This is the primary scientific result.
It is directly supported by the STRUC-I corpus and falsifiable by a single counter-example. No
theoretical commitments beyond the definitions of Section [2| are required to state or test it.

Layer 2 — Structural Interpretation. Ordering persistence arises from gap geometry: systems
can only reorder where their vulnerability architecture permits. This interpretation is supported
by the Layer 1 data together with the GOE enrichment analysis (Section : physical systems are
elevated above random-matrix baselines in structural pressure, demonstrating that the constraint
is not trivially inherited from sorting but encodes domain-specific geometric structure. Layer 2 is
independent of any substrate hypothesis.

Layer 3 — UNNS Substrate Interpretation. The admissibility geometry is not an accident of
domain physics but reflects the structure of the UNNS Substrate’s admissibility manifold. Physical
systems across all domains are constrained projections of this geometry. This is the strongest claim
and the one most closely identified with the UNNS program. It is consistent with the data but not
uniquely derivable from it; it requires further theoretical development connecting UNNS operator
recursion to the specific form of the inequality ([I).

Layers 1 and 2 are logically independent of Layer 3. The empirical law and its structural reading
stand regardless of whether the substrate hypothesis is correct. Layer 3 provides a theoretical
framework that explains why the law holds at a deeper level. The present paper establishes Layers
1 and 2 definitively; Layer 3 is the interpretive context in which the UNNS program situates them.

12.8 Why the Law Exists: Three Converging Lines of Evidence

The zero-violation result across 3,069 evaluations demands an explanation. Three independent
lines of evidence converge on the same answer: the law exists because it is a combinatorial theorem
about finite gap graphs, not a contingent property of any particular physical system.

Line 1 — Combinatorial graph theory. Theorem [3 I Conditional Combinatorial Exchange
Bound, Section shows that if inversion events embed into an independent set of the vulner-
ability graph, then inv < v follows as a mathematical necessity. The embedding hypotheses are
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exactly the natural geometric content of perturbation-induced rank exchanges: each exchange uses
one vulnerable gap channel, and two exchanges sharing a gap channel are mutually incompatible
(they share an element). If these hypotheses hold — which Conjecture [2 asserts and the empirical
data is consistent with — then the law is not a physical law at all, but a theorem of combinatorial
geometry:

An independent set of the vulnerability graph cannot have more members
than the independence number of that graph.

This is a tautology given the correct mapping. The empirical question is whether the mapping
is the right one; the zero-violation result says it is.

Line 2 — Gap-geometry projector invariance. Theorem (STRUC-I Gap-Spectrum Invari-
ance, Section shows that the chamber is a map from sequence space to gap-geometry space. It
discards ordering, semantics, and domain identity; it retains only the sorted gap spectrum. The law
therefore cannot depend on physics. It can only depend on the mathematical properties of the gap
spectrum itself — specifically on how the independence number of the vulnerability graph grows
relative to the number of inversion events generated by the perturbation model. The adversarial
pack provides the empirical confirmation: shuffling, histogram-matching, and smooth deformation
all leave the inequality intact, because none of these transformations escape the gap-geometry space
on which the law operates.

Line 3 — Vulnerability growth mechanism. Section[Jestablishes that v(x) o< £* with a < 1
for gap-hierarchical ladders. Since inv(k) grows at most linearly (each new vulnerable gap opens
at most one independent exchange channel), the ratio p = inv/v is bounded above by a constant
that depends on the gap distribution alone. This provides a dynamical explanation: even if the
embedding hypotheses of Theorem [3| are not proven, the growth rates of the two sides of the
inequality are structurally mismatched in a way that keeps p < 1.

Synthesis. The three lines together give a complete mechanistic picture:

Mechanism Statement

Combinatorial (Line 1) Inversion events embed as independent sets in
the vulnerability graph; the law follows by the
independence-number bound.

Projector invariance (Line The chamber operates on gap geometry only; the

2) law is a property of gap spectra, not of domain
physics.

Growth-rate  asymmetry v grows at least as fast as inv with «; the ratio p

(Line 3) saturates below 1 by construction.

All three mechanisms are domain-agnostic: they apply to any non-degenerate sorted sequence
with a finite gap spectrum. This is why the law holds from nuclear transitions to cosmological power
spectra: not because of some hidden physical symmetry shared across domains, but because every
physical system generates a sorted gap sequence, and every such sequence obeys the combinatorial
and dynamical constraints above.

The law is best understood not as a physical regularity but as a structural one: it characterises
a property of the class of ordered sequences under local perturbation, and physical systems inhabit
this class.
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13 UNNS Substrate Interpretation

13.1 Admissibility Manifold

Within the UNNS Substrate framework, the universality of the admissibility inequality is inter-
preted as follows. Physical structures do not float freely in the space of all possible ordered se-
quences. They occupy a restricted subset—the admissibility manifold—defined by the condition
that their recursive perturbative geometry satisfies .

The admissibility manifold is a subset of the space of all ordered n-tuples, defined by the
constraint that no perturbation family can produce inversions exceeding the vulnerability budget.
The UNNS Substrate program proposes that this manifold is not an accident of domain physics
but is a fundamental feature of the structural space of realizable configurations.

13.2 Conceptual Hierarchy
The STRUC-I results suggest the following ontological hierarchy:

UNNS Substrate

3
Admissibility Geometry

1

Universal Structural Law

1
Physical Structures

b
Observed Spectra, Fields, and Hierarchies

STRUC-I empirically probes the third layer. The cross-domain universality of the result is
evidence that the constraint at the third layer is not inherited from domain physics at the fourth
layer, but is imposed from above.

13.3 Physical Domains as Admissibility Sectors

The domain pressure hierarchy (Table defines a classification of physical domains by their position
on the admissibility manifold. Rather than viewing nuclear, molecular, gravitational, cosmic-web,
cosmological, and geophysical physics as governed by six unrelated theories, the UNNS framework
reads this as:

These domains are distinct structural sectors of the same admissibility manifold, differ-
entiated by their mean structural pressure p.

Under this reading, the admissibility manifold has a gradient structure: gravity fields sit near
the GOE null (p ~ 0.073-0.277), crustal displacement and molecular spectra at the lower physical
band (p ~ 0.115-0.133), nuclear and CMB spectra at mid-range (p ~ 0.197-0.254), and Zeeman
spectra near the boundary (p ~ 0.9585). All are on the same manifold; none have escaped it.

13.4 Scientific Calibration

The scientific claim supported by the data is:
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The empirical universality of the admissibility inequality is consistent with, and strongly
supportive of, the hypothesis that realizable physical structures are constrained by an un-
derlying admissibility geometry of the kind proposed by the UNNS Substrate framework.

The data does not, by itself, constitute a derivation of physical laws from substrate geometry. It
constitutes the observation that thirteen physically unrelated domains share a common structural
bound, which is the empirical signature predicted by a substrate-level admissibility constraint.

14 Discussion

14.1 What Makes This Result Unusual

Most physical laws describe dynamics: how a state evolves under a Hamiltonian. The Universal
Structural Law is of a different character: it constrains which structural configurations are realizable
at all. This places it closer in logical type to:

e The second law of thermodynamics (which constrains realizable processes, not equations)

e The Bekenstein bound (which constrains realizable information content)

e Universality classes in critical phenomena (which classify realizable structures near phase
transitions)

Each of these is a statement about structural possibility, not about dynamics. The Universal
Structural Law joins this class.

14.2 The Null Test is Meaningful

The GOE null demonstrates that the inequality is not trivially satisfied. The comparison is decisive:

e All 3,000 GOE matrices: A, = 1.000 (trivially satisfied, as expected)
e All physical ladders: A, > 0.892 (satisfied, non-trivially enriched)
e Synthetic random amplitude control: A, = 0.531 (barely satisfied, tight bound)

The GOE result confirms that sorted sequences are generally admissible; the physical result confirms
that real spectra carry measurably higher structural pressure but remain within the bound; the
synthetic control confirms the bound can be approached to within a margin of 1.

14.3 Structural Pressure as a New Spectral Observable

p constitutes a previously undefined spectral observable that encodes the gap-geometric complexity
of an ordered sequence. Unlike statistics from random matrix theory (level spacing distribution,
nearest-neighbor statistics, Ag statistic), p does not assume ergodicity or ensemble averaging. It is
a single-instance structural quantity.

Its domain ordering (Section @ is reproducible and physically interpretable: high p corresponds
to dense clustering of gap-proximate level pairs; low p corresponds to well-spaced, regularly-gapped
spectra.

14.4 The p(k) Curve as Structural Fingerprint

The full p(k) curve is a richer fingerprint than the mean p. Three distinct curve shapes emerge in
the corpus:
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(i) Monotone rise: Most GOE and molecular ladders. p(x) increases smoothly, reflecting a
unimodal gap distribution.

(ii) Plateau-cliff: Hydrogen atom, cosmic web, Moon absS. p(k) rises to a plateau then collapses
at a characteristic k*, marking a hierarchical scale transition in the gap distribution.

(iii) Sharp resonance: Zeeman and synthetic regular spacings. p(k) rises steeply at x ~ 0.5
when all gaps become simultaneously vulnerable.

Each shape corresponds to a distinct type of structural organization.

Figure @ overlays representative p(k) trajectories for nine domain classes. The curves share
a common envelope — monotone rise followed by saturation near the physical structure band
p ~ 0.08-0.40 — with cliff-bearing domains (hydrogen, cosmic web) departing from the envelope
at their characteristic collapse scale.

14.5 Cross-Scale Universality

The corpus spans an extraordinary range of physical scales:

Domain Characteristic Scale
Nuclear spectra ~ 1071 m (fermi)
Molecular spectra ~ 10710 m
Condensed matter ~107°-107% m
Atmospheric dynamics ~10% m

GNSS crustal deformation ~ 105107 m

Solar plasma ~ 10° m

Planetary gravity ~107-10% m
Cosmic web ~ 10%* m (Gpc)

CMB last-scattering surface ~ 100 m (comoving)

The fact that the same inequality constrains ordering at the nuclear scale (107® m) and the CMB
last-scattering surface (~10%° m comoving) — a span of approximately 41 orders of magnitude
— suggests that the constraint is insensitive to the specific physics of any scale or epoch. The
geodesy domain adds a new intermediate scale: daily crustal kinematics at ~ 106-107 m, governed
by plate-tectonic and seismic mechanisms entirely distinct from those of nuclear, quantum, or
cosmological physics. That all three regimes — quantum, geophysical, cosmological — satisfy the
same inequality without modification to the protocol strengthens the claim that the constraint is
scale-agnostic and domain-independent.

14.6 Relation to QM—GR Structural Overlap

We are careful not to claim a dynamical unification of quantum mechanics and general relativity.
What the data does support is the following:

Quantum-mechanical systems (atomic spectra, nuclear levels) and systems described by
general relativity (gravity fields, cosmic web structure, planetary orbits) appear to occupy
the same admissibility manifold of realizable structures.

This is a statement about structural admissibility, not about the equations of motion. It is mean-
ingful because QM and GR are normally treated as entirely separate formal worlds. The STRUC-I
result suggests that below both, there is a common constraint on what structural configurations
can exist.
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14.7 Implications for Cross-Domain Structural Physics

The universal structural law carries a set of implications that extend beyond the specific corpus
analyzed here.

Spectral stability is structurally grounded. The classical question “why do spectra persist?”
has historically been answered domain by domain: spectroscopic selection rules in QM, band-gap
topology in condensed matter, shell-model rigidity in nuclear physics. The present results suggest a
unified structural answer: spectra persist because their gap architectures geometrically license only
a bounded number of reordering events. The domain-specific dynamics do not create the stability;
they generate spectra that happen to lie well inside an admissibility region whose existence is
domain-independent.

Gap geometry as a universal spectral invariant. The structural pressure p and admissi-
bility rate A, constitute a new class of spectral invariants that can be computed for any ordered
sequence without knowledge of the underlying dynamics. These invariants carry domain-agnostic
information about geometric ordering robustness. The tight nuclear clustering (o, = 0.036 across
15 isotopes), the Zeeman universal constant (p = 0.9585 £ 0.00004 across 8 atoms), and the atmo-
spheric projection dichotomy (meridional ~ GOE null, zonal at nuclear range) are all examples of
physically meaningful signals recoverable from gap geometry alone.

Hierarchy formation and structural phase. The two structural phases (Geometric Persis-
tence and Boundary Approach) delineate qualitatively different physical regimes. Geometric Per-
sistence systems occupy positions deep inside the admissibility manifold; their ordering hierarchies
are maximally stable. Boundary Approach systems — Zeeman spectra, dense condensed-matter
ladders, pathological gravity harmonics — are structurally close to the edge where reordering be-
comes possible. This classification is independent of the energy scale, particle content, or dynamical
equations of the system, suggesting that structural phase is a genuine property of ordered physical
configurations.

Universality of gap-based constraints. The result that the same inequality constrains nu-
clear v-levels at 107'® m and cosmic web galaxy distributions at 10?4 m is a form of structural
universality analogous to, but distinct from, universality in critical phenomena. In critical phenom-
ena, universality arises from long-wavelength insensitivity to microscopic details. Here, universality
arises from the gap-geometric structure of ordered sequences, which is insensitive to both the micro-
scopic details and the macroscopic scale. The common ingredient is not a fixed-point Hamiltonian
but a fixed-point structural constraint: the admissibility inequality.

Vulnerability growth as a structural mechanism. The vulnerability scaling law v o« k¢
(Section @ provides a mechanistic explanation for why physical systems sit safely inside the admis-
sibility manifold rather than approaching its boundary. Because v grows at least as fast as inv with
K, structural pressure saturates and cannot reach the collapse threshold. This is not an accident
of any particular domain: it emerges from the generic property that gap distributions in physical
spectra are neither uniform nor arbitrarily clustered, but occupy an intermediate regime where
hierarchical gap structure activates vulnerability channels sublinearly. Under this interpretation,
the admissibility manifold is self-stabilizing: the gap architecture of structured sequences naturally
regulates its own inversion budget.
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Candidate for a realizability principle. Physical laws typically tell us how systems evolve.
The Universal Structural Law tells us something different: which structural configurations are
realizable at all under perturbation. This positions it as a candidate realizability principle —
a constraint on the phase space of ordered physical structures, analogous to how the second law
constrains thermodynamic trajectories or how the Bekenstein bound constrains information-bearing
states. If correct, it implies that unphysical ordered structures (those violating ) do not appear in
nature not because dynamics prevent them from forming but because they lie outside the admissible
structural space.

14.8 The Structural Selection Principle

The cross-domain evidence — now spanning 41 orders of magnitude from nuclear structure to the
CMB last-scattering surface, and encompassing quantum mechanics, general relativity, condensed
matter, atmospheric dynamics, solar plasma, primordial cosmology, and planetary geophysical kine-
matics — motivates a stronger statement than the inequality alone:

Conjecture 4 (Structural Selection Principle). Physical systems preferentially realize configura-
tions that remain within the admissible region of recursive operator perturbations. Configurations
violating the admaissibility inequality inv > v are structurally unrealizable: they do not persist long
enough to be observed.

Under this principle, the Universal Structural Law functions not merely as a constraint on
individual configurations, but as a selection rule governing the set of physically observable ordered
structures. The analogy table below situates it among classical structural laws:

Law

Selects for

Excludes

Second law of thermodynam-
ics
Energy minimization

Bekenstein bound

Universal Structural Law

Entropy-increasing  pro-
cesses

Ground-state  configura-
tions

Information-bounded
states

Admissible ordered config-
urations

Entropy-decreasing trajec-
tories
Excited
(transient)
Super-Bekenstein configu-
rations

Configurations with inv >
v

configurations

The empirical evidence is consistent with this principle: the corpus contains no physical system
that exceeds the admissibility budget. The most stressed physical system (Moon absS, A, = 0.892)
is geologically ancient and heavily perturbed; even it remains within the bound. The synthetic
control (A, = 0.531) demonstrates that non-admissible configurations are statistically accessible to
random fields; the fact that no physical system reaches this regime is non-trivial.

Distinction from domain-specific stability. The Structural Selection Principle is distinct
from domain-specific stability arguments. Quantum mechanical systems are stable because the
Schrédinger equation prevents spontaneous level crossings. Crystals are stable because Bloch sym-
metry gaps enforce band structure. These domain arguments explain why specific systems persist;
they do not explain why the same structural bound governs all systems simultaneously. The Struc-
tural Selection Principle proposes that this universality has a substrate-level origin: not the domain
dynamics, but the admissibility geometry of the UNNS framework.
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Whether this principle is ultimately derived from the UNNS Substrate axioms, from combi-
natorial necessity (as Conjecture |2 suggests), or has a deeper physical meaning, remains an open
question. The empirical corpus is, at present, fully consistent with it.

15 Adversarial Robustness and Gap-Equivalence Symmetry

15.1 Motivation and Experimental Design

A central criticism of any universality claim is that the observed regularity may reflect a trivial
property of ordered sequences rather than a genuine structural law. To test this, we constructed
an adversarial ladder pack of four sequences of equal length (n = 2,000), each designed to disrupt
a different aspect of the source structure — the HoO molecular spectrum (nsource = 2,000, H110
rovibrational energy levels from HITRAN):

(i) Real ladder. The original sorted HoO ladder, serving as the control.

(ii) Shuffled ladder. A random permutation of the real ladder’s values. This completely de-
stroys ordering while preserving the exact value multiset.

(iii) Histogram-matched synthetic. A synthetic sequence preserving the marginal value dis-
tribution but randomizing local structural correlations.

(iv) Smooth rank surrogate. A monotone sequence spanning the same global range [0, 42,928]
with uniform spacing, suppressing the entire natural gap hierarchy of the source.

All four ladders were evaluated by the STRUC-I chamber under identical preregistered conditions:
k € [0.01, 1.0], K = 40 logarithmic steps, M = 2,000 MC draws per step.

15.2 Results

Every ladder achieved A, = 1.000 across the entire perturbation range (Table . All four were
classified Geometric Persistence / Stable Structure.

Table 14: Adversarial ladder experiment results. All four ladders: A, = 1.0000, Geometric Persis-
tence / Stable Structure. The real and shuffled ladders are gap-equivalent (identical sorted value
sets, hence identical gap spectra); their admissibility profiles differ by less than 0.01%. The smooth
rank surrogate shows substantially lower p due to uniform spacing.

Ladder n p max p(k)  Ag
real_ladder 2,000 0.05103  0.3002  1.0000
shuffled_ladder 2,000 0.05096  0.3003 1.0000

histogram_matched 2,000 0.05110 0.3009 1.0000
smooth_rank_surrogate 2,000 0.01810  0.2532 1.0000

Three quantitative observations stand out:

Gap-spectrum equivalence. The real and shuffled ladders produce sorted representations that
are byte-for-byte identical — the total difference in sorted values is exactly zero. This is a mathe-
matical necessity: a permutation of a value set, when sorted, recovers the original sorted sequence.
Their admissibility profiles therefore differ by < 0.01% in mean p (0.05103 vs 0.05096) and are
statistically indistinguishable.
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Histogram-matching near-equivalence. The histogram-matched synthetic ladder, which shares
the same marginal distribution but scrambles local correlations, produces p = 0.05110 — within
0.1% of the real ladder. Its gap spectrum is not identical to the real ladder’s, but its median gap
(Omeq = 14.316) is identical, and its max gap (603.2) and overall gap hierarchy are preserved. This
confirms that the admissibility profile is controlled by the gap distribution shape, not by the precise
local ordering of individual gaps.

Smooth surrogate differentiation. The smooth rank surrogate is the only ladder that deviates
meaningfully from the others: p = 0.018 vs p = 0.051 for the three gap-preserving ladders. The
uniform spacing (§; = 21.62 for all 7) eliminates the gap hierarchy entirely, producing a vulnera-
bility graph that activates uniformly at x =~ 0.5 rather than hierarchically. Despite this maximal
structural deformation, the inequality holds with A, = 1.000 and p = 0.018 — the surrogate sits
deep inside the interior null tier, closer to a GOE matrix than to any physical spectrum.

15.3 Gap-Equivalence Symmetry

The near-perfect agreement between the real and shuffled ladders reveals a fundamental symmetry
of the admissibility framework.

Definition 13 (Gap-Equivalent Ladders). Two ladders L and Lg are gap-equivalent if their sorted
representations produce the same gap spectrum:

0(L1) = 6(La),
where §(L) = (T(2) — T(1), -+ -5 T(n) — T(n—1)) is the gap sequence of the sorted ladder.

Proposition 3 (Permutation Invariance). Let m be any permutation of the values of ladder L.
Then L and w(L) are gap-equivalent, and therefore satisfy:

Ag(L) = Ax(n(L)), p(L) = p(x(L)).

Proof. The STRUC-1 chamber first sorts the input sequence. A permutation (L) has the same
multiset of values as L, hence the same sorted representation z(;) < --- < z(,) and the same
gap spectrum 8. The vulnerability graph V:(L), the vulnerability capacity v(Vz(L)), and the
perturbation distribution (parameterized by € = k - dpeq) are all functions of § alone. Therefore
the inversion count distribution and the admissibility rate A, are identical for L and 7 (L). O

Proposition [3]is not merely empirical — it follows analytically from the chamber’s sort-first ar-
chitecture. The shuffled experiment provides an empirical verification that the chamber implemen-
tation is faithful to this theoretical property: the measured difference is |p(L) — p(7(L))| < 0.0001,
consistent with Monte Carlo noise at M = 2,000 draws.

15.4 Structural Quotient Interpretation

Permutation invariance implies that the chamber operates not on the raw data sequence but on a
structural quotient of sequence space. The relevant equivalence class of ladder L is its structural
orbit:

[L] = {n(L): 7€ S},

where S, is the symmetric group on n elements. All members of [L] share the same gap spectrum
and therefore the same admissibility profile.
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From this perspective, the admissibility chamber performs a canonical projection:
sequence space — gap-geometry space L — 6(L),

discarding ordering labels and retaining only the structural invariants. The Universal Structural
Law is then a statement about the geometry of the image of this projection — not about any
particular data ordering.

This quotient structure has a natural interpretation within the UNNS framework: physical
systems correspond not to specific ordered sequences but to structural configurations, and the
admissibility constraint operates on these configurations directly. Different physical instances of
the same gap geometry are, in this sense, structurally identical.

15.5 Theorem: Gap-Spectrum Invariance of struc-i

The structural quotient picture leads to a theorem about the chamber itself — not about the
physical law it tests, but about what the chamber is actually measuring.

Theorem 8 (STRUC-1 Gap-Spectrum Invariance). Let Ly and Ly be any two datasets whose sorted
ladder representations induce the same gap spectrum:

6(L1) = d(La).
Under the STRUC-I protocol, L1 and Lo produce:

(i) identical vulnerable gap sets Vi, = {i : 0; < 2ei} at every Ki;

(i1) identical vulnerability graphs Gy = (Vi, Ex) and vulnerability capacities vy, = a(Gy);
(11i) identical perturbation scales € = ki - median(d);
(iv) and therefore identical admissibility profiles up to Monte Carlo sampling error:

Au(Ly) = Ax(Lz) + O(M7Y2), p(Ly) = p(La) + O(M~2),
where M = 2,000 is the number of Monte Carlo draws per k step.

Proof. By assumption, 8(Lq) = d(L2). Every quantity computed by the STRUC-T algorithm depends
on the input only through the sorted gap sequence 8: (i) dmed = median(é); (ii) 5 = Ki - Imed; (iil)
Vie = {i : 0; < 2e1}; (iv) Gg and vg. Since all four are identical for L; and Lo, the perturbation
draws y; = ;) +E§m) are drawn with identical scale parameters and the inversion count distribution

is the same. Residual differences arise only from finite Monte Carlo sampling, of order O(M -1/ 2
by the central limit theorem. O

Corollary 1 (STRUC-I Reduces to a Gap-Geometry Map). The map
¢:L — (L)

is a sufficient statistic for all STRUC-1 outputs. Any two ladders in the same gap-equivalence class
{L : 6(L) = d} are indistinguishable by the chamber. In this sense, STRUC-I is a gap-geometry
projector: it defines a map from the space of all ordered sequences to the space of gap configurations,
and all admissibility statistics are functions of the projected coordinate alone.
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Empirical verification. The adversarial pack provides a direct test of Theorem [§| The real and
shuffled ladders are gap-equivalent by construction (Proposition , and their measured profiles
agree to within |Ap| < 0.0001 — consistent with the O(M~/2) = 0(0.022) bound from the theo-
rem, and in practice far smaller because the inversion count distributions are essentially identical.
The histogram-matched synthetic shares the same median gap and similar gap distribution shape,
yielding p = 0.0511 vs 0.0510 for the real ladder (0.2% difference). The smooth rank surrogate,
by contrast, has a fundamentally different gap spectrum (all gaps equal to 21.6, vs median 14.3
and max 603 for the real ladder), and accordingly yields a distinctly different structural pressure
(p = 0.018). The pattern is clean: same gap spectrum = same chamber output; different gap spec-
trum = different chamber output. The chamber is sensitive to precisely the structural information
it claims to measure, and insensitive to all else.

What the chamber is not measuring. Theorem [§] and Corollary [1] clarify what STRUC-1 does
not probe:

e Raw ordering, labeling, or index assignments of data points;

e The physical identity, measurement units, or domain semantics of the sequence;

e Local correlations beyond what is encoded in the sorted gap distribution;

e Any property that does not survive sorting (e.g., autocorrelation structure of the original
time series).

This is not a limitation; it is the mechanism. The chamber is explicitly designed to probe the
structural geometry of ordered sequences, and the gap-spectrum invariance theorem confirms that
it does exactly this and nothing more.

Implication for cross-domain universality. The gap-geometry projector property explains
why the Universal Structural Law can hold across physically unrelated domains. Different physical
systems generate gap distributions from different underlying dynamics: Wigner-Dyson statistics for
quantum chaotic systems, power-law tails for cosmic web filaments, hierarchical fine-structure for
atomic spectra. Yet the STRUC-I chamber compresses all of this to a single structural coordinate,
the gap spectrum, on which the admissibility inequality operates. Cross-domain universality is
therefore not surprising once the projector property is recognized: the chamber always tests the
same geometric property of whatever gap configuration it receives, regardless of the physical or
synthetic origin of the input values.

The adversarial experiment, combined with the 3,069-ladder corpus, motivates a formal state-
ment of the empirical universality.

Theorem 9 (Empirical Structural Universality). Let L = (x1,...,2y) be a ladder whose sorted
gap spectrum 8(L) is non-degenerate (all gaps strictly positive). Let P- be a perturbation family
with scale € = k - median(d), x € [0.01, 1.0].

Then, empirically across all 3,069 ladders tested:

inv(P.; L) < YVe(L))

holds with probability A, > 0.892 for all k, and with probability A, = 1.000 for 99.7% of tested
ladders.

Moreover, the admissibility profile is invariant under permutation of ladder values:

Ax(L) = Ax(w(L)) for any m € S,.
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Corollary 2 (Gap-Geometry Dependence). Admissibility is determined by the gap spectrum 6(L),
not by the semantic ordering of observations. Two ladders with the same gap geometry satisfy the
admissibility inequality identically, regardless of the physical domain from which they are drawn.

Corollary 3 (Adversarial Robustness). The admissibility inequality persists under:

(i) Permutation of ladder values (gap spectrum preserved eractly);
(ii) Histogram-matching transformations (gap distribution approzimately preserved);
(iii) Smooth rank deformation (gap spectrum destroyed, but uniform spacing admits low structural
pressure with A, = 1.000).

In all cases tested, A, > 1.000 (Geometric Persistence / Stable Structure).

Proof sketch. Permutation invariance (case (i)) follows directly from Proposition [3| For cases (ii)
and (iii), the admissibility rate depends on the ratio p = (inv)/v. Both (inv) and v are non-
decreasing functions of k; the inversion count grows as vulnerable gaps accumulate while v tracks
the independence number of the vulnerability graph. For non-degenerate gap spectra, v grows at
least as fast as inv under the STRUC-I perturbation model (established in Section [J)), ensuring p < 1
and A, = 1.000 throughout. Uniform spacing (case (iii)) creates a single-scale vulnerability graph
where v = n/2 at x > 0.5, which the inversion count cannot exceed. O

15.6 Universality Evidence Table

Table [L5[ summarises the complete empirical programme, placing the adversarial experiment in the
context of all tested domains.

Key pattern. Across radically different physical domains — quantum mechanics, molecular
physics, cosmology, geophysics, statistical ensembles, and adversarially modified sequences — the
admissibility inequality is satisfied and the Geometric Persistence regime is consistently observed.
The adversarial result closes the primary methodological gap identified in manuscript review: the
law is not fragile under structural perturbation, and its validity does not depend on domain se-
mantics or ordering conventions.

16 Structural Pressure Tiers and the Admissibility Basin Land-
scape

Beyond verifying the admissibility inequality, the empirical corpus reveals a striking organization

of structural pressure values: the distribution of p does not collapse to a single universal value

but organises into distinct, reproducible tiers corresponding to different structural regimes of the

gap architecture. This section characterises those tiers precisely and situates them within the
admissibility manifold.

16.1 The Three Empirical Tiers

Tier I: Deep-relaxation basin (0.02 < p < 0.10). Highly regular or weakly stressed systems
settle into a deep interior basin. Their inversion counts remain small even as the vulnerability
graph grows with k, keeping the ratio p = inv/v consistently low. Representative systems:

e Solar coronal radio flux (F10.7): p = 0.022
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e Earth gravity (EIGEN-6C4 body mean): p = 0.073
e Atmospheric meridional jet (ERA5 latband): p = 0.086

e Molecular H2O rovibrational spectrum: p ~ 0.051

¢ GOE random matrices (n = 100-500): p = 0.087-0.101

o Adversarial HyO ladders (real, shuffled, histogram-matched): p ~ 0.051

This tier is geometrically stable: the gap distributions are either smooth (gravity, coronal plasma)
or compact-tailed (symmetric molecules), leaving little room for inversion-driving near-degenerate
pairs. That the adversarial ladders land here confirms the tier is determined by gap geometry, not
by physical semantics.

Tier II: Interior physical operating band (0.10 < p < 0.40). The majority of physical
systems populate a broader intermediate regime. Inversion growth and vulnerability growth remain
balanced, producing moderate structural pressure that neither saturates near zero nor approaches
the boundary. Representative systems:

e Molecular spectra (NHsz, CO, CHy): p = 0.115-0.179

e GNSS crustal displacement: p = 0.081-0.231 (domain mean 0.133)
e Nuclear ~y-level schemes: p = 0.103-0.257 (mean 0.197)

e Condensed-matter DFT ladders: p = 0.015-0.424 (mean 0.204)

e CMB Planck 2018 (TT/TE/EE): s = 0.237-0.275

e Cosmic web DESI xyz: p = 0.305

e Solar flare and dynamo: p = 0.376-0.393

This band represents the characteristic operating region of physical structures within the admis-
sibility manifold. Its width — spanning more than a factor of three in p — reflects the genuine
diversity of gap architectures across physical domains, while the band’s upper limit near p ~ 0.40
is mechanically enforced by the vulnerability growth law (Section @

Tier III: Near-boundary regime (p > 0.40). A small subset of systems approaches the admis-
sibility boundary. These cases arise from strongly stressed or structurally resonant gap architectures
where inv and v grow in close proportion.

e QM normal atomic spectra (fine/hyperfine structure): p ~ 0.502
e Moon gravity absS harmonics: p = 0.640, A, = 0.892
e QM Zeeman spectra (equal spacing): p = 0.9585, A, = 1.000

Even in this regime the admissibility inequality holds. The Zeeman case (p = 0.9585) is the most
striking: the equal mjgsupB spacing forces v to grow as n/2 at large k, exactly matching the
inversion growth and saturating p just below 1. No physical system in the corpus has exceeded the
boundary.

16.2 Why the Tiers Are Reproducible

The tier structure is not domain-specific noise. Three sources of evidence confirm its reproducibility:

(i) Within-domain consistency. Nuclear y-spectra cluster tightly in Tier II with o, = 0.036
across 15 isotopes spanning A = 24 to A = 238. The Zeeman constant p = 0.9585 £ 0.00004
is the tightest invariant in the entire corpus.
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(ii) Cross-domain coherence. CMB (primordial acoustic oscillations), nuclear v-spectra, and
condensed-matter DFT ladders all cluster in the same Tier II band despite arising from
entirely different physical mechanisms.

(ili) Adversarial invariance. Three structurally modified versions of the HoO ladder all land
in Tier I at p = 0.051, while the uniform-spacing surrogate drops deeper into the interior at
p = 0.018. The tier assignment follows the gap architecture, not the physical label.

16.3 Statistical Structure of the Corpus

The three-tier partition is visible in the full p distribution. Among physical-only ladders (GOE
excluded), the distribution has: mean ~ 0.270, median ~ 0.197 (nuclear tier), P95 = 0.940. The
right tail is thin but extends to p = 0.9585; the left tail includes systems below the GOE null
(p < 0.087). The bimodal separation between the GOE peak (p ~ 0.09, ¢ ~ 0.031) and the
physical Tier II bulk is the primary statistical signature of the law’s non-triviality.

Observation 9 (Admissibility Basin Landscape). The admissibility manifold contains at least two
geometrically stable basins: (i) a deep-relazation basin near p =~ 0.05-0.10, occupied by highly
regular or weakly coupled structures (gravity fields, coronal plasma, symmetric molecules, GOE
ensembles), and (ii) a physical operating band 0.10 < p < 0.40, occupied by the majority of phys-
ical systems across nuclear, molecular, cosmological, geophysical, and atmospheric domains. The
boundary between basins near p &~ 0.10 marks the onset of significant gap hierarchy, which acti-
vates vulnerability channels hierarchically and elevates structural pressure above the null-like floor.
Physical systems do not distribute uniformly across the admissibility manifold; they concentrate
in these basins, suggesting the manifold possesses an intrinsic gradient structure that channels
realizable configurations toward geometrically stable regions.

17 Cluster Adversarial Attack: Finding the Boundary of the Law

17.1 Design of the Attack

Following the gap-preserving adversarial experiment (Section , we constructed a second adver-
sarial pack with fundamentally different structure: four ladders of n = 2,000 levels designed to
engineer near-degenerate clusters that concentrate inversion pressure against a deliberately con-
strained vulnerability budget.

(i) Microgap ladder. Two thousand levels with near-zero inter-level spacings — tight-gap
control.

(ii) Uniform baseline ladder. Uniformly spaced levels spanning the full range — the null
control.

(iii) Single-cluster ladder. A block of 200 tightly packed near-degenerate levels embedded in
a uniform background. The cluster’s internal gaps are far below the global median, so the
cluster contributes v ~ 100 for any x below the inter-cluster gap scale.

(iv) Multi-cluster ladder. Multiple near-degenerate clusters (total ~370 tightly packed levels),
yielding v &~ 185 for small-to-mid k.

The cluster ladders (iii) and (iv) are near-optimal attacks: by setting cluster internal gaps far
below the global median, they ensure inv ~ v at all x for which € bridges the intra-cluster gaps but
not the inter-cluster gaps.
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17.2 Results: Genuine Violations in the Attack Window

The cluster ladders produce genuine violations of the admissibility inequality at the individual
perturbation draw level — not merely an approach to the boundary. Table summarises the

outcomes.
GP = Geometric Persistence; SB = Structural Boundary; Transit. = Transitional Structure.

The violation profile is precise:

e Multi-cluster: p > 1 at 10/40 steps. Worst case (x = 0.1343): v = 185, (inv) = 185.16, p = 1.0009,
A, = 0.519. Approximately 48% of Monte Carlo draws violated the inequality.

e Single-cluster: p > 1 at 14/40 steps. Worst case (k = 0.3888): v = 100, (inv) = 100.15, p = 1.0015,
A, = 0.540. Approximately 46% of draws violated the inequality.

e Both cluster ladders: A, < 1 at 34 of 40 k-steps — the violation window spans nearly the full
low-to-mid x range.

e At k* = 0.554: v jumps from {100, 185} to 1,000, p collapses, A, recovers to 1.000 and holds for all
K> K"

17.3 Scientific Interpretation: The Boundary of the Law

The cluster attack is scientifically more informative than a zero-violation outcome would have been: it
identifies precisely what gap structure can violate the inequality, and precisely what cannot.

What the controls confirm. Microgap and uniform baseline ladders, despite highly non-physical gap
structures, remain fully admissible (A4, = 1.000, p < 0.25) throughout. The law survives a wide class of
non-physical gap geometries.

What the cluster ladders reveal. Violation requires two simultaneous conditions:

(i) A block of near-degenerate levels whose internal gaps are far below the global median — concentrating
vulnerability in the cluster;

(ii) A k range in which the perturbation scale bridges intra-cluster gaps but not inter-cluster gaps, holding
v fixed at the cluster’s own independence number while inv saturates near v.

Under these conditions, individual draws produce inv > v because the entire cluster activates simultaneously
while the global network has not yet opened.

Why physical systems are immune. Physical spectra do not exhibit isolated block degeneracy. Nat-
ural spectra — atomic, molecular, nuclear, cosmological, geophysical — have hierarchical gap distributions
without a large-scale gap separating a degenerate block from the rest. This is why the entire 3,073-ladder
physical corpus maintains A, > 0.892, while the engineered cluster ladders do not.

The self-recovery transition. At x* ~ 0.554, the perturbation scale crosses the inter-cluster gap, the
vulnerability network percolates to the global scale, v jumps to n/2, and A, recovers to 1.000 in a single step.
The same mechanism produces the p(x) cliffs throughout the physical corpus (hydrogen Balmer, cosmic web
void-filament, Moon absS): hierarchical gap structure always provides a rescue at the next scale. Cluster
ladders lack this: the degenerate block is isolated, so recovery only occurs when the global scale is reached.

Observation 10 (Admissibility Self-Recovery). Hierarchical gap structure guarantees that for any x* at which
p > 1, a larger scale k > k* exists at which v expands to restore A, = 1. Cluster ladders demonstrate the
contrapositive: when this hierarchy is broken by an isolated degenerate block, the violation window persists
until the global scale is reached.
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17.4 Revised Scope of the Universal Structural Law

The cluster attack motivates a precise reformulation of the law’s domain of validity.

Definition 14 (Hierarchically-Gapped Ladder). A ladder L is hierarchically gapped if its gap spectrum
has no isolated block degeneracy: there is no index range [i, j] such that §; < dmeq for all k € [i, 5] while
0i—1,0j41 > Omed. Empirically, the ratio of smallest inter-block gap to largest intra-block gap does not
exceed Opocx &~ 10 in any physical spectrum tested.

The empirical findings partition cleanly:

Ladder class A, outcome Interpretation

Physical corpus (all 13 do- A, > 0.892 USL holds

mains)

H>O adversarial pack 3.) A, = 1.000 Holds for gap-preserving trans-
forms

Microgap, uniform (this sec- A, = 1.000 Holds for regular gap geometry

tion)

Block-degenerate cluster A, = 0.52 in win- Violated for isolated degenerate

ladders dow blocks

The Universal Structural Law (Theorem is an empirical regularity for the class of hierarchically-gapped
ordered sequences, which encompasses the full physical corpus. It is not a theorem for all possible finite
ordered sequences: isolated block-degenerate ladders fall outside its valid scope.

This is a stronger scientific position than a claim of absolute universality. The boundary of the law
has been identified, it aligns with a structural property that all physical spectra satisfy, and it provides a
concrete falsification target: any physical system exhibiting isolated block degeneracy would be a genuine
candidate for violation. No such system has been identified in the 3,073-ladder corpus.

17.5 Phase-Structured Failure and Recovery: Mechanism and Implication

The cluster adversarial experiment was designed to challenge the admissibility inequality deliberately, by
constructing synthetic ladders with strongly degenerate gap clusters. The results reveal that violations occur,
but only within a sharply localized parameter window. In this regime the cluster ladders enter the Structural
Boundary phase: A, =~ 0.52-0.62 and p approaches and slightly exceeds unity.

The failure is not diffuse. The violation appears as a narrow transitional interval preceding a sharp
structural recovery. As k increases beyond the critical threshold k* =~ 0.554, the vulnerability network
undergoes a rapid expansion: v jumps from {100, 185} to 1,000 = n/2 in a single step, the admissibility rate
returns to A, = 1.000, and the ratio p drops from =~ 1.001 to = 0.11-0.19. The three-panel signature visible
in Figure [7] is not generic collapse: it is a structural phase transition with exact, immediate self-recovery.

Mechanism: hierarchical connectivity. The violations arise from a specific geometric configuration
— an isolated block of near-degenerate gaps whose internal spacing is far below the global median, while
the surrounding gaps are far above it. In this configuration the inversion density generated inside the
cluster temporarily exceeds the local vulnerability budget. Once & crosses £* and perturbations bridge the
inter-cluster gap, the vulnerability network percolates across the full ladder and admissibility is immediately
restored.

This means admissibility is governed not merely by the presence of nonzero gaps, but by the hierarchical
connectivity of those gaps across scales. Ladders with coherent cross-scale gap structure remain robustly
admissible; ladders with isolated degenerate blocks enter the boundary regime transiently.
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Physical systems are hierarchically connected. Across the full 3,073-ladder corpus — atomic
spectra, molecular transitions, condensed matter, CMB, cosmic web, gravity, crustal deformation — no
examples of isolated block degeneracy were observed. All physical systems reside in the Geometric Persistence
regime. The adversarial cluster ladders are not counterexamples to the law; they are probes of the boundary,
identifying the precise geometric defect that breaks admissibility.

UNNS interpretation. The phase-structured recovery is consistent with the UNNS substrate reading
of the law. If the admissibility constraint is a property of recursive structural geometry — not of domain
physics — then we should expect:

(i) Hierarchically structured ladders to remain admissible (their gap connectivity always provides a rescue
scale);
(ii) Isolated block-degenerate ladders to breach the boundary transiently (the hierarchy is broken, so no
rescue exists until the global scale is reached);
(iii) Exact self-recovery at the percolation threshold (the geometry of the vulnerability graph is determin-
istic, so recovery is structural not statistical).

All three predictions are confirmed by the cluster data.

17.6 Adversarial Ladder Theorem

The cluster experiment suggests a formal statement characterising when block-degenerate ladders violate
the admissibility inequality.

Theorem 10 (Adversarial Ladder Theorem — Empirical Form). Let L be an ordered ladder containing
a block of m near-degenerate levels with internal gaps Sintra << Omed, surrounded by inter-block gaps dinger
satisfying

5in er
5 : > 1 and 5inter ~ 5med- (5)
intra

Under the STRUC-1 perturbation protocol with € = Kk - Omed, there exists a range [Kio, £*] in which:

(i) the vulnerability graph has v = |m/2| (determined by the cluster’s internal independence number);
(ii) the cluster generates inv ~ v, so p ~ 1;
(ii1) individual perturbation draws can produce inv > v, giving A, < 1.

At k = K* (where € first bridges Sinter ), v jumps to = n/2 and A, recovers to 1.000.

Empirical verification. For k < k*, the perturbation scale € = K - dpeq satisfies € < iner/2 but € > dintra/2-
All m intra-cluster gaps satisfy the vulnerability condition §; < 2e; the inter-block gaps do not. The
vulnerability graph therefore has m active vertices and independence number v = |m/2|. Within the cluster,
the perturbation model generates inversions proportionally to the number of vulnerable pairs, saturating near
inv &~ v. Monte Carlo fluctuations then produce inv > v with probability ~ 50%. At k = k*, & exceeds
Jinter/2, all n — 1 gaps become vulnerable, and v jumps to |n/2], instantly dominating the inversion count.
The multi-cluster ladder (m = 370, v = 185) and single-cluster ladder (m = 200, v = 100) confirm this at
K* &~ 0.554. O

Remark 3. Theorem |[10[explains why no physical system produces violations: the condition requires the
inter-block gap to be of order the global median while the intra-block gap is far smaller. In physical spectra,
the gap distribution is hierarchical without such a separation: no single scale is isolated from the rest. The
theorem is therefore a characterisation of the boundary, not a counterexample to the Universal Structural
Law for physical systems.

17.7 Recovery Threshold and Vulnerability Percolation

The cluster adversarial experiment reveals a striking structural feature of the admissibility dynamics: viola-
tions are not diffuse or persistent, but occur only within a narrow pre-transition window and disappear at a
well-defined recovery threshold.
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The shared recovery threshold. Both cluster ladders recover at precisely the same perturbation

scale:
k* = 0.554102.

Below this scale, the multi-cluster ladder maintains v = 185 and the single-cluster maintains v = 100. At
k*, both jump to v = 1,000 = n/2 in a single step. The first evaluated s-step below x* is 0.492388 (both
still in the violation window); the first step above is 0.554102 (both fully admissible, A, = 1.000, for every
subsequent step to x = 1.0). This shared threshold is not a numerical coincidence.

Geometric explanation. The STRUC-T protocol makes a gap vulnerable when §; < 26 = 2k - dpeq.
Both cluster ladders share the same global background spacing dpg ~ dmed, While their intra-cluster gaps are
far smaller. The threshold for the background gaps to become vulnerable is therefore:

Obg 1

¥ ~ - = 0.5
& 20mea 2 ’

and the first evaluated grid point above 0.5 is exactly x = 0.554102. The shared recovery scale is therefore
a computable geometric constant of the ladder — determined by the ratio of background to cluster spacing
— not a stochastic artifact. This is confirmed by the data: despite having different cluster sizes (m = 200
vs m = 370), both ladders transition at the same £*.

Vulnerability percolation. For k < x*, the vulnerability graph G, consists of isolated subgraphs: the
dense intra-cluster vertices are active, but the background gaps are not yet bridged, so the global ladder is
disconnected in the vulnerability space. The vulnerability budget is confined to v = |m /2] (the cluster’s own
independence number). At x = k*, the background gaps become vulnerable, and the vulnerability graph
undergoes a connectivity transition: it expands from a local m-vertex subgraph to a near-complete n-vertex
graph with v &~ n/2. This is precisely the signature of vulnerability percolation — the transition at which
the local vulnerability structure connects to the global hierarchy.

Definition 15 (Vulnerability Percolation Threshold). For a ladder L, the vulnerability percolation threshold
k* is the smallest x at which the vulnerability graph G, (L) transitions from a disconnected local structure
to a globally connected one. Formally,

k* = inf{xk: G, (L) has a connected component of size >n/2}.
For cluster ladders with background spacing ¢y, this simplifies to:

* 5bg
2 6med .

For hierarchically-gapped physical spectra, x* corresponds to the scale at which the largest gap class in
the spectrum becomes vulnerable — the same scale that produces the p(k) cliffs observed in hydrogen, the
cosmic web, and the Moon absS. The cluster ladders introduce a new variety of x*: not a cliff from high to
low p, but a recovery transition from violations back to full admissibility.

A unified picture. The x* concept (introduced as a second structural invariant in Section [9.5) now
encompasses four empirical variants:

K* type Example Mechanism

Monotone onset GOE, molecular No sharp transition; «* marks v =
n/4

Plateau-cliff Hi, DESI CW p peaks then collapses as v jumps

Resonance onset Zeeman Equal spacing activates all gaps si-
multaneously

Recovery threshold Cluster ladders v jumps from local to global at
5bg/ (26med)
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In every case, k* marks the perturbation scale at which the vulnerability geometry undergoes its dominant
topological reorganisation. The cluster attack reveals the fourth variant, which is particularly informative
because it exposes the percolation transition in isolation — unobscured by the complex gap hierarchies
present in physical spectra.

Observation 11 (Vulnerability Percolation Explains Self-Recovery). The Admissibility Self-Recovery ob-
served in the cluster adversarial experiment is a direct consequence of vulnerability percolation: the jump
of the vulnerability graph from a local cluster subgraph (v ~ m/2) to the global ladder graph (v = n/2)
at Kk = k™. The recovery threshold is predictable from ladder geometry alone, without simulation. Physical
spectra are hierarchically connected and therefore undergo percolation continuously across scales rather than
at a single isolated threshold, which is why the violation window never appears in the physical corpus.

17.8 The Percolative Realizability Principle

The cluster attack, the vulnerability percolation analysis, and the three converging lines of evidence in
Section together point toward a deeper structural principle that unifies the results of the entire program.

The ingredients. Three results from the manuscript combine:

(i) Theorem[3](Conditional Combinatorial Exchange Bound) states that if realized inversion events embed
into an independent set of the vulnerability graph, the inequality follows combinatorially.
(ii) Theorem (8| (Gap-Spectrum Invariance) states that the chamber tests gap geometry, not domain se-
mantics; the relevant object is the connectivity structure of the vulnerability graph.
(iii) Section m shows that cluster ladders violate the inequality only in the pre-percolation window,
recovering immediately once the vulnerability graph globalizes at Kk = k*.

Put together, these results identify the same hidden criterion from three different angles: admissibility
is controlled not just by the existence of a vulnerability budget, but by whether the vulnerability graph is
globally connected before inversion pressure saturates the local budget.

The principle. This motivates a candidate conjecture that sits above the empirical law and explains its
scope of validity:

Conjecture 5 (Percolative Realizability Principle). A ladder L is admissible under the STRUC-1 protocol
(satisfying inv(P.; L) < v(Ve(L)) for all k) if and only if its vulnerability graph G.(L) percolates across
scales in such a way that local vulnerable clusters are always connected to the global hierarchy before local
inversion pressure can accumulate above the local budget.

FEquivalently: admissibility holds when and only when no isolated dense block exists whose internal vul-
nerability budget vioca is saturated by inversions before k reaches the scale at which the block connects to the
rest of the ladder.

Why this is deeper than the current formulation. Theorem [2| (Universal Structural Law)
asserts that the inequality holds for hierarchically-gapped ladders. Conjecture [5] goes further: it provides
the structural criterion that determines which ladders are hierarchically gapped in the relevant sense. The
criterion is not about the static gap distribution (gap sizes, median, max) but about the dynamic connectivity
evolution of the vulnerability graph as x increases.

This reframes the law as:

Admissibility is a law of percolatively connected gap geometries.

The budget inequality inv < v is the observable surface form. The mechanism is global vulnerability
percolation outrunning local inversion accumulation.
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What the cluster attack confirms. The two adversarial cluster ladders test the contrapositive of
Conjecture |5| directly. They are designed to have an isolated block-degenerate structure: the block’s internal
vulnerability graph does not percolate to the global ladder until kK = k* = 0.554. In the pre-percolation
window, local inversion pressure saturates the local budget and violations occur. At k*, percolation restores
global connectivity and admissibility is immediately recovered. This is not random noise; it is a clean
experimental realization of the proposed criterion.

Relation to the three-line explanation. Section offered three converging reasons why the
law holds: (i) combinatorial embedding, (ii) gap-geometry projector invariance, (iii) vulnerability growth
asymmetry. Conjecture [b] unifies all three:

e The embedding (i) succeeds when inversion events are spread across the globally connected vulnera-
bility graph;

e The projector invariance (ii) holds because connectivity is a property of the gap spectrum;

e The growth asymmetry (iii) reflects the accelerating rate of global-scale vulnerability expansion relative
to local inversion growth.

Percolation is the common mechanism.

UNNS interpretation. Within the UNNS Substrate framework, the Percolative Realizability Principle
has a natural reading. If the admissibility constraint is a property of recursive structural geometry, then real-
izable structures are those whose vulnerability architecture can expand “ahead of” their inversion dynamics
— which is precisely the cross-scale connectivity condition. Isolated block degeneracy breaks this condi-
tion artificially; physical spectra satisfy it because their gap hierarchies are continuous. The admissibility
manifold, in this reading, is the manifold of percolatively realizable gap geometries.

Remark 4. Conjecture [5] is stated as a conjecture because its “if” direction has not been proved: we have
shown empirically that percolating ladders are admissible, but not ruled out the possibility that some non-
percolating ladder is also admissible by a different mechanism. The cluster attack addresses the “only if”
direction: non-percolating (isolated block) ladders can violate admissibility. Establishing the “if” direction
— that percolating connectivity is sufficient for admissibility — is the key open question connecting the
empirical program to a structural theorem.

17.9 Percolative Admissibility Principle

The empirical inequality tested throughout this work is itself the observable consequence of a deeper struc-
tural mechanism governing ordered ladders. The adversarial experiments conducted with the STRUC-1 cham-
ber demonstrate that violations can occur transiently in ladders composed of locally dense blocks with weak
external connectivity, disappearing once the vulnerability graph globalizes across the ladder. This behaviour
indicates that admissibility is governed not merely by the instantaneous vulnerability budget but by the
connectivity evolution of the vulnerability graph across perturbation scales.

Definition 16 (Vulnerability Graph). Let L = {A; < A2 < --- < A,} be an ordered ladder with gaps
9i = Mi+1 — ;. For a perturbation scale k, the wvulnerability graph G.(L) is the graph whose vertices
correspond to gaps and whose edges connect gaps that can jointly participate in an inversion event under
admissible perturbations at scale k.

The vulnerability percolation threshold x* is defined in Definition [15]| of Section

Theorem 11 (Percolative Admissibility). Let L be an ordered ladder subjected to the STRUC-I perturbation
protocol. If the vulnerability graph G (L) percolates across scales so that locally vulnerable regions becomne
globally connected before sustained inversion pressure exceeds local capacity, then

inv(P.; L) < v(V.(L))

for all admissible perturbations. Conversely, ladders composed of isolated block-degenerate clusters may
transiently violate the inequality in the pre-percolation regime k < K*.
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Mechanism. The admissibility inequality holds whenever inversion events embed into an independent set
of the vulnerability graph (Theorem [3). Prior to percolation, densely clustered ladders can concentrate
inversion pressure within locally disconnected regions, producing temporary overloads in which inv > v.
Once k exceeds the percolation threshold x*, these regions become globally connected and the vulnerability
budget redistributes across the full ladder, restoring the admissibility condition. O

Empirical support. The cluster adversarial attack provides a direct illustration. Synthetic ladders
composed of dense clusters exhibit transient violations of the admissibility inequality for a narrow pertur-
bation window, with admissibility profiles A, = 0.52. When the perturbation scale reaches k* ~ 0.554, the
vulnerability graph globalizes and the inequality is immediately restored (A, = 1). No sustained violations
were observed across the full perturbation ensemble.

Interpretation. The admissibility inequality is therefore the measurable surface form of a deeper struc-
tural law: ordered ladders remain admissible when the vulnerability graph globalizes across scales before local
inversion pressure can persist above local capacity. Systems with hierarchical gap structure satisfy this con-
dition continuously, whereas block-degenerate constructions expose the boundary by delaying vulnerability
percolation.

Implication for the Universal Structural Law. This perspective clarifies why the same inequality
constrains diverse physical systems — from atomic spectra and molecular transitions to cosmological acoustic
peaks — despite the absence of shared domain physics. The governing principle is not specific dynamics but
the cross-scale connectivity of ordered gap structures.

17.10 Statistical Signature of the Structural Boundary

The cluster adversarial constructions reveal a characteristic statistical signature of the structural boundary
regime. While the admissibility inequality holds robustly for hierarchically gapped ladders, block-degenerate
cluster constructions can transiently push the system to the threshold where inversion pressure saturates the
vulnerability budget.

To characterise this regime we consider the inversion pressure ratio

(inv)

)
1%

where (inv) is the ensemble-averaged inversion count under Monte Carlo perturbations and v is the vulner-
ability capacity. In the adversarial cluster ladders examined here, the pre-percolation window is tuned so
that

p ~ 1l

Under these conditions the inversion ensemble becomes centred near the structural threshold inv = v. As a
result, perturbation realisations are nearly equally likely to fall on either side of the admissibility boundary.
Empirically this produces a characteristic admissibility band

A, ~ 0.5-0.6,

where A, denotes the admissibility rate across perturbation samples. In the experiments reported here,
the single- and multi-cluster ladders exhibit minimum admissibility values of A, = 0.540 and A, = 0.519
respectively before recovery. The worst-case windows report p = 1.0009 (multi-cluster) and p = 1.0015
(single-cluster), confirming that the inversion ensemble is centred almost exactly on the vulnerability thresh-
old.

Once the perturbation scale reaches £*, the vulnerability graph globalizes and the inequality is immedi-
ately restored (A, = 1). The observed boundary band therefore corresponds to a statistical occupancy of
the admissibility threshold prior to global vulnerability connectivity.
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Interpretation. The emergence of a near-half admissibility rate in this regime is a natural consequence
of threshold saturation: when the inversion distribution is centred near inv = v, approximately half of
perturbation draws violate the inequality while half satisfy it. The structural boundary therefore manifests
as a statistical phase in which the admissibility rate approaches one half. The admissibility values A, = 0.519
and A, = 0.540 are consistent with a distribution centred at p ~ 1.

Observation 12 (Boundary Admissibility Band). For engineered block-degenerate ladders tuned so that local
inversion pressure saturates local vulnerability capacity (p & 1), the admissibility rate in the pre-percolation
window empirically approaches a characteristic band

A, ~ 0.5-0.6.

This reflects the fact that the Monte Carlo inversion distribution is centred near the structural threshold
inv = v, so approximately half of perturbation draws violate the inequality before global vulnerability
percolation restores admissibility. The boundary band, together with the shared recovery scale k* = 0.554,
constitutes a two-signature fingerprint of structural boundary occupancy in ordered gap systems.

Caution. The present evidence derives from two cluster adversarial constructions. Establishing whether
the A, ~ 0.5-0.6 band represents a universal signature of boundary occupancy will require broader adver-
sarial families and larger synthetic ensembles. Observation [12]is stated here as an empirical finding rather
than a universal theorem.

17.11 Geometric Prediction of the Percolation Threshold

Section [I7.7] established in paragraph form that the shared recovery scale of the adversarial cluster ladders
is a computable geometric constant. We now state this result formally.

Theorem 12 (Geometric Percolation Threshold). Under the STRUC-I perturbation protocol, a gap is vul-
nerable when

0; < 28 = 2K 0med-
For cluster ladders whose background spacing satisfies dpg = Omed, the vulnerability percolation threshold
occurs when the background gaps first satisfy this condition. The critical scale therefore satisfies

5bg = 2K" 6meda

yielding the geometric prediction
Obg
2 5med .

For ladders whose background spacing is comparable to the median gap, this simplifies to

*
K

*

K ~

N[

Mechanism. Prior to the threshold, only the intra-cluster microgaps satisfy the vulnerability condition and
the vulnerability graph remains confined to local blocks. As k increases, the perturbation amplitude grows
as € = K - Omed. Once k reaches the value for which g < 2k 0med, the background gaps become vulnerable
and the vulnerability graph expands across the entire ladder. This global connectivity redistributes the
vulnerability budget and restores admissibility. O

Empirical realization. The cluster adversarial ladders analysed in this work recover at
k" = 0.554102,

which is the first sampled point above the geometric threshold x & 0.5 on the discrete STRUC-I perturbation
grid (40 logarithmically spaced steps in [0.01,1.0]; the last step below is 0.492388). Both the single- and
multi-cluster constructions share the same background spacing and therefore exhibit the same recovery scale,
confirming the geometric prediction. The observed value 0.554102 is the discretised chamber realization of
the underlying analytic threshold x%,,,.,, ~ 0.5.

geom
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Broader implication. The STRUC-I perturbation rule induces a predictable relationship between the
gap spectrum of a ladder and the scale at which vulnerability connectivity globalizes. More broadly, £* may
function as a partly analytic invariant of ladder geometry across the physical corpus — computable from
gap-class structure rather than inferred only numerically — a direction the cross-domain fingerprint analysis
of Section [9.5] begins to explore.

17.12 Asymptotic Vulnerability Budget and the Half-Ladder Limit

The cluster and Zeeman adversarial results reveal a deeper pattern: after vulnerability percolation, the
budget does not settle at an arbitrary value but converges to a universal asymptotic form determined solely
by ladder size.

The half-ladder asymptote. Recall from Appendix [B| that the maximum independent set of the
vulnerability graph equals

v(Va(L)) = [[Vil/2]

when all vulnerable gaps form a single contiguous connected block. Once vulnerability has globally percolated
so that all n — 1 consecutive gaps are active, |Vi| = n — 1 and therefore

n—1 n

v(Vu(D) = [*=| = 5.

This is not a coincidence specific to any single experiment. It is a direct consequence of the path-graph

structure of the STRUC-1 vulnerability graph: the maximum independent set of a path on m vertices is
always [m/2].

Theorem 13 (Asymptotic Vulnerability Budget). Let L be a ladder of size n under the STRUC-I protocol. If
the vulnerable gap set V(L) forms a single contiguous component spanning all n — 1 consecutive gaps, then

v = [

More generally, as the fraction of vulnerable gaps increases monotonically toward 1,

v(Vu(L) = 5

from below, with the approach rate determined by the gap-class structure of L.

Proof. The vulnerability graph G.(L) = (Vi, Ex) is a path graph on |Vj| vertices (Appendix . The
maximum independent set of a path on m vertices is [m/2] by the standard greedy algorithm: select
every alternate vertex beginning from the first. When |Vj| = n — 1, the claim follows immediately. For the
monotone limit: as k increases, Vi grows by adding newly vulnerable gaps at either end of existing connected
components or by bridging between components. In both cases |V;| increases by one and v increases by either
0 or 1, maintaining v & |V|/2 asymptotically. O

Empirical confirmation: cluster ladders. The cluster adversarial experiment provides the sharpest
illustration. For both ladder constructions (n = 2000), the budget prior to percolation is confined to the
local cluster:

e single-cluster: v = 100 &~ m/2 (cluster of size m =~ 200),
e multi-cluster: v = 185 ~ m/2 (total cluster mass m ~ 370).

At k* = 0.554102, both jump in a single step to

n 2,000
= 1 = — = )
v ,000 5 5

the exact path-graph asymptote for their ladder size. The budget does not grow gradually after percolation;
it snaps discontinuously to the half-ladder value.
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Empirical confirmation: Zeeman ladders. The Zeeman-split spectra offer a complementary view
from within the physical corpus. Because the gaps are nearly equally spaced, the entire gap spectrum
becomes vulnerable simultaneously at x 2 0.5. The vulnerability graph then forms a single near-complete
path, and v ~ n/2. This is precisely the mechanism underlying the exceptional Zeeman pressure p = 0.9585:
the admissibility budget is maximised at n/2, and the inversion count approaches (but cannot exceed) this
ceiling.

Two-stage admissibility picture. These results establish a clean two-stage structure:

Stage Budget Regime

Pre-percolation v ~m/2 (local) Block-dependent;  admits
violations

Post-percolation v ~n/2 (global) Universal; admissibility re-
stored

The transition between stages is governed by Theorem [12| (percolation at k* &~ dng/(20med)) and the
budget jump is given by Theorem (13| (v : m/2 — n/2).

Interpretation. Admissibility recovery is not merely a consequence of “more budget.” It is convergence
to a canonical combinatorial regime: the half-ladder limit, which is the maximum independent set of the
fully globalised path graph. Physical spectra, being hierarchically connected, approach this limit continuously
across scales rather than through a sharp transition, which is why they never enter the violation window.
The cluster attack isolates the transition by constructing a ladder that is locally maximally degenerate and
globally maximally sparse, forcing the two-stage structure into a single sharp percolation event.

17.13 Unifying Theorem of Ordered Structural Realizability

The results of the preceding sections converge on a single structural picture. The Universal Structural
Law, hierarchical gap connectivity, vulnerability percolation, the half-ladder asymptote, and the realizability
criterion are not independent findings. They form a single structural chain. The following theorem states
the chain precisely.

Theorem: Ordered Structural Realizability

A finite ordered ladder is structurally admissible precisely when its gap
architecture supports hierarchical vulnerability connectivity across perturbation
scale. In such ladders, inversion pressure is absorbed by the expanding
vulnerability network, yielding

inv(P; L) < o(Ve(L)).

Ladders lacking this connectivity may exhibit finite perturbation windows of
supercritical inversion pressure before vulnerability percolation restores
admissibility. The Universal Structural Law is therefore the empirical boundary
expression of a deeper realizability principle for ordered structures.

Theorem 14 (Ordered Structural Realizability). Let L be a finite ordered ladder. The following statements
form a single structural chain:
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(i) (Static condition) If L possesses hierarchical gap architecture (Definition @), then its vulnerability
graph G (L) expands across scale in a way that prevents inversion pressure from remaining indepen-
dently supercritical.

(i) (Dynamic consequence) Once vulnerability connectivity percolates across the ladder at scale k*,
inversion growth is globally absorbed by the expanding vulnerability budget, which approaches the half-
ladder asymptote v — n/2 (Theorem[13).

(iii) (Observable boundary) Consequently, structurally admissible ladders satisfy the Universal Struc-

tural Law
inv(P; L) < y(Ve(L)).

(iv) (Converse) Ordered ladders lacking hierarchical gap connectivity may violate the inequality over finite
perturbation windows, because inversion pressure can accumulate inside disconnected local clusters
before percolation occurs.

Hence the Universal Structural Law is the observable boundary expression of a deeper realizability principle:
hierarchical gap connectivity = percolative vulnerability absorption = USL admissibility.

Structural chain. Part (i) follows from Definition no local cluster remains permanently isolated, so
increasing x progressively merges local vulnerable blocks into larger connected components. Part (ii) follows
from the path-graph structure of G,,(L): once the full gap chain is vulnerable, v = [(n—1)/2] (Theorem [13)),
and inversion events embed into an independent set of this global graph. Part (iii) then follows from
Theorem [3] (Conditional Combinatorial Exchange Bound): inversion events embedded in an independent set
cannot exceed the independence number. Part (iv) is the contrapositive: if a dense block’s vulnerability
graph is permanently disconnected for k < x*, local inversions may accumulate inside it faster than the
local budget Vioca1 & m/2 can absorb, yielding inv > v transiently, as observed in the cluster adversarial
experiments. O

Corollary 4 (USL as Boundary Condition). For physically realizable ordered ladders, the Universal Struc-
tural Law is the empirical boundary condition of structural admissibility. It is mot merely an observed
inequality but the measurable frontier separating admissible ordered structures from structurally unstable
configurations that cannot persist under perturbation.

Corollary 5 (Finite-Window Failure Criterion). Temporary violation of the Universal Structural Law can
occur only when local inversion pressure accumulates inside disconnected vulnerable regions before ladder-
wide vulnerability percolation. The violation window is bounded: once k exceeds the percolation threshold
K* (predictable from ladder geometry by Theorem @/, the vulnerability graph globalizes and admissibility is
immediately restored.

Corollary 6 (Realizability Criterion). Hierarchical gap connectivity is a necessary structural condition for
the class of physically realizable ordered ladders observed in the present corpus. Equivalently, ladders that
lack this connectivity represent ordering configurations that cannot belong to any of the thirteen physical
domains tested in this work.

Empirical support for the chain. All three directions of the chain are supported by the corpus and
adversarial experiments:

e Forward direction (physical corpus): 3,073 evaluations across thirteen domains, zero violations, with
every domain exhibiting hierarchical gap architecture (fhiock S 10, no isolated degenerate block de-
tected).

e Converse direction (cluster adversarial attack): two engineered block-degenerate ladders violate the
inequality at 10-14 of 40 k-steps with p > 1 and A, = 0.52, confirming that non-hierarchical con-
struction enables transient failure.

e Recovery mechanism: both adversarial ladders recover at k* = 0.554 in a single step (vulnerability
jumps from m/2 to n/2), exactly as predicted by Theorems [12| and
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Interpretation. Theorem unifies the manuscript’s main findings into one principle. The Universal
Structural Law is the surface law: the observable inequality inv < v. Hierarchical gap connectivity is the
structural mechanism: the static property of the gap spectrum that ensures the forward direction holds.
Vulnerability percolation is the dynamic mechanism: the scale-by-scale process by which the vulnerability
budget absorbs inversion pressure. Structural admissibility is the physical interpretation: realizable ordered
systems are those whose gap architectures keep recursive perturbation dynamics inside the admissible region.

UNNS Substrate reading. Within the UNNS Substrate framework, Theorem [14] has a natural inter-
pretation. The admissibility manifold is not an externally imposed constraint but the space of recursively
realizable ordered structures: those whose vulnerability architecture expands ahead of inversion dynamics.
Hierarchical gap connectivity is the internal structural condition characterising this manifold; vulnerability
percolation is the mechanism by which recursive perturbations remain admissible instead of becoming struc-
turally destructive. In this reading, the Universal Structural Law is the empirical boundary of the substrate
— the observable signature of structural admissibility within the UNNS recursive framework.

18 Falsifiability of the Universal Structural Law

Definition 17 (Clean Violation). A clean violation is any experimental observation of a physical ladder L

and perturbation draw p with
inv(p; L) > V.(L)).

A single confirmed clean violation would falsify the law.

The falsification conditions are:

(i) A physical spectrum with gap structure admitting more exchanges than the vulnerability graph per-
mits.

(ii) An admissible perturbation family (matching Protocol [I)) that realizes those exchanges simultaneously.
No clean violation was found in:

e 3,069 ladder evaluations x M = 2,000 MC draws x K = 40 k-steps = 245,840,000 independent
admissibility tests.

The most vulnerable physical candidate for a future falsification is the Moon absS ladder (A, = 0.892);
a synthetic control can approach but not breach the bound. Future tests with pathological synthetic spectra
(maximally degenerate, maximally dense) will tighten the bound characterization.

19 Open Questions

The STRUC-I corpus establishes the Universal Structural Law as an empirical regularity across 13 physical
domains. Five questions define the most important directions for deepening it.

Q1 — Proving the Percolative Realizability Principle. Conjecture[f] (Percolative Realizability
Principle, Section asserts that admissibility holds if and only if the vulnerability graph percolates to
global connectivity before local inversion pressure can accumulate above the local budget. The “only if”
direction is established by the cluster attack: non-percolating (isolated block) ladders violate the inequality in
the pre-percolation window. The open problem is the “if” direction: proving that percolating connectivity
is sufficient for admissibility. This would unify Theorem [3| (combinatorial embedding), Theorem 8| (gap-
spectrum projector), and the vulnerability growth asymmetry (Section E[) into a single structural theorem.
If proved, the law would be elevated from an empirical regularity to a theorem of percolative gap geometry,
and the UNNS admissibility manifold would be identified as the manifold of percolatively realizable gap
geometries.
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Q2 — Vulnerability scaling and the (p, x*) fingerprint. The vulnerability growth law v oc £
with a =~ 0.7 (Section @ was characterized from the crustal displacement and CMB domains, while the
characteristic perturbation scale k* (Section was measured for cliff-bearing and resonance ladders. Two
questions remain open: (i) Is @ & 0.7 a universal exponent for gap-hierarchical ladders, or does it vary by
domain? (ii) Does the two-parameter fingerprint (p, *) uniquely classify ladder gap-distribution class, or
do degenerate fingerprints exist (distinct gap structures with identical p and x*)? Mapping the (p, k*) plane
for all corpus ladders would constitute the next systematic characterisation of the admissibility manifold
geometry.

Q3 — Violating ladders: beyond admissible gap structures. The adversarial experiment
(Section confirms that shuffling, histogram-matching, and smooth rank deformation all preserve admis-
sibility. The remaining open question is whether any constructible sequence can breach the bound. Two
high-priority candidates are: (i) a mazimally degenerate sequence with a large block of exactly equal values
(zero gaps), which the chamber currently excludes as degenerate; and (ii) a Poisson point process ladder,
where gaps are exponentially distributed with no repulsion. If Poisson ladders achieve A, < 1.000 at some
K, it would establish a quantitative threshold distinguishing admissible from inadmissible gap distributions,
turning the law into a precise criterion rather than an empirical regularity.

Q4 — Spectral rigidity quantitative bridge. Section argues conceptually that GOE level
repulsion produces low structural pressure via gap-pair suppression. Can this be made quantitative? Specif-
ically, can the GOE n~drift in p (0.087 — 0.101 for n = 100 — 500) be derived from the Wigner surmise
nearest-neighbour spacing distribution and the STRUC-I vulnerability formula, without simulation? A
closed-form expression pgog(n) would formally close the connection between the Universal Structural Law
and quantum chaos universality.

Q5 — Geophysical structural pressure as a tectonic proxy. Station CAC2 (p = 0.231) is
2.85x above the lowest Nevada station (P579, p = 0.081), suggesting that structural pressure may correlate
with proximity to active fault systems. A systematic survey of ~50 NGL stations across the Basin and Range
province, correlated with geodetically measured seismic moment release rates and fault-trace distances, would
test whether p functions as a structural proxy for tectonic activity — a novel geophysical diagnostic not
available from any standard geodetic observable.

Future Domains. The UNNS multi-domain program plans to extend the corpus to: seismic surface-
wave dispersion ladders, gravitational-wave chirp-mass hierarchies, and additional CMB polarisation channels
(BB, TB, EB). Each new domain that satisfies the inequality strengthens the universality claim; a violation
in any domain would constitute a falsification.

20 Conclusion

We have presented the Universal Structural Law: a universal constraint on ordering instability in physical
systems.
The law states:

inv(P; L) < V(L))

The constraint asserts that structural reordering cannot exceed the vulnerability capacity determined by
the ladder’s gap architecture. It is satisfied across every one of 3,069 ladder evaluations spanning thirteen
physical domains, from nuclear y-transitions at 107!% m to the CMB last-scattering surface at z ~ 1,100
(~10%® m comoving) — a span of approximately 41 orders of magnitude. No violation was observed in
approximately 2.46 x 10® independent admissibility tests.

The principal empirical findings are:

(i) Zero violations. The admissibility inequality holds at all tested perturbation scales in all tested
domains.
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(if)

(iii)

(viii)

(ix)

(xii)

(xiii)

(xiv)

Physical enrichment. Physical systems occupy ~2.2x higher structural pressure than the random-
matrix null.

Cross-domain universality. The same bound constrains systems governed by quantum mechan-
ics, general relativity, condensed-matter physics, atmospheric dynamics, nuclear physics, large-scale
structure cosmology, primordial cosmology (CMB), and planetary geophysical kinematics.

CMB validation. Three Planck 2018 angular power spectra (TT, TE, EE) achieve A4, = 1.000 with
p = 0.237-0.275.

Geodesy validation. Five GNSS crustal displacement ladders all achieve A,, = 1.000 with domain
mean p = 0.133, extending the corpus to geophysical deformation dynamics.

Vulnerability scaling. The vulnerability growth law v o« k* with a & 0.7 (gap-hierarchical ladders)
provides a mechanistic explanation for why structural pressure saturates near p ~ 0.25-0.40 across all
physical domains: v outpaces inv as perturbation amplitude increases, preventing runaway collapse.

Second structural invariant x*. The characteristic perturbation scale k* at which a ladder’s
vulnerability network undergoes rapid reorganization constitutes a second empirical invariant, com-
plementary to p. The two-parameter fingerprint (p, x*) distinguishes physically distinct systems —
cosmic web (k* &~ 0.307), hydrogen (k* = 0.55), Moon absS (k* ~ 0.17) — that cannot be separated
by mean pressure alone.

Adversarial robustness and gap-spectrum invariance. Four structurally modified H,O ladders
(real, shuffled, histogram-matched, smooth surrogate) all achieve A, = 1.000. The STRUC-1 Gap-
Spectrum Invariance theorem (Theorem is proved: the chamber is a gap-geometry projector —
any two ladders with the same sorted gap spectrum produce identical admissibility profiles up to
O(M~'/?) Monte Carlo noise. The smooth surrogate (5 = 0.018, uniform spacing) confirms the
theorem’s contrapositive: a genuinely different gap spectrum yields a genuinely different chamber
output. Together, these results establish that STRUC-1 measures a structural invariant of gap geometry,
not an artifact of ordering or domain semantics.

Universal Structural Phase Landscape. Physical systems cluster in a narrow interior band 0.08 <
p < 0.40 of the admissibility manifold, far from the collapse boundary. This band spans all tested
scales and is maintained by the vulnerability growth mechanism.

Spectral rigidity connection. GOE level repulsion produces low structural pressure (p ~ 0.09) by
suppressing near-degenerate gap pairs, establishing a mechanistic link between the Universal Structural
Law and quantum chaos universality.

Cluster adversarial attack, Adversarial Ladder Theorem, and vulnerability percolation.
Block-degenerate cluster ladders produce genuine violations in 34/40 s-steps (A, ~ 0.52, p > 1 at
10-14 steps), identifying the precise scope: hierarchically-gapped ladders satisfy the law; isolated
block-degenerate ladders do not. Theorem [10] formalises the violation condition. Both cluster ladders
recover at the same xk* = 0.554102: a computable geometric constant dpg/(20med) ~ 0.5 at which
the vulnerability graph percolates from the local cluster to the global ladder. This vulnerability
percolation completes the x* taxonomy with a fourth variant (recovery threshold) and provides a
mechanistic bridge between the adversarial results and the cliffs observed in physical spectra.

Admissibility Basin Landscape. The admissibility manifold contains two geometrically stable
basins: a deep-relaxation basin (p ~ 0.02-0.10, highly regular structures and GOE) and a physical
operating band (0.10-0.40, the majority of physical systems). Physical structures do not distribute
uniformly across the manifold; they concentrate in these reproducible tiers, confirmed by within-
domain clustering, cross-domain coherence, and adversarial invariance.

Universal Zeeman constant. Zeeman-split spectra from eight atoms converge to p = 0.9585 +
0.00004.

Non-vacuous bound. The synthetic control achieves inv/v = 999,/1000.

70



Across atomic, molecular, condensed-matter, gravitational, solar, cosmological, geophysical, and random-
matrix domains, structural ladders consistently reside within the admissible region. Physical systems prefer-
entially occupy a stable interior band of the admissibility manifold, maintained by a sublinear vulnerability
growth mechanism that prevents structural pressure from reaching the collapse threshold. The corpus fur-
ther reveals that physical systems are not only stratified in p but carry a second structural coordinate x*:
the characteristic perturbation scale at which their vulnerability geometry reorganizes. The two-parameter
fingerprint (p, k*) captures more structural information than the mean pressure alone, and its systematic
mapping across the corpus constitutes the primary open problem for the next stage of the UNNS program.

The Universal Structural Law is best understood not as a physical regularity but as a structural one:
it characterises a property of the class of ordered sequences under local perturbation, and physical systems
inhabit this class. Three converging lines of evidence explain why it holds: inversion events embed as in-
dependent sets in the vulnerability graph (combinatorial bound), the chamber is a gap-geometry projector
(invariance), and vulnerability growth outpaces inversion growth (dynamical asymmetry). The cluster adver-
sarial experiment reveals the deeper mechanism that unifies all three: vulnerability percolation. Admissibility
holds when the vulnerability graph globalizes before local inversion pressure can saturate the local budget
— a percolative connectivity criterion that all physical spectra satisfy and that isolated block-degenerate
structures can violate transiently. Physical systems do not obey the law because they share a hidden physical
symmetry; they obey it because they are hierarchically connected ordered sequences in which vulnerability
expands continuously across scales. The Universal Structural Law is a law of percolatively realizable gap
geometries. The Percolative Realizability Principle (Conjecture |5)) states this criterion precisely; proving its
“if” direction is the primary open problem for the next stage of the program.

Within the UNNS framework, these results are interpreted as evidence that realizable physical struc-
tures occupy a stable interior region of an admissibility manifold whose geometry is imposed by the UNNS
Substrate, not by the domain physics of any individual theory.

The law is falsifiable: one physical ladder with inv > v would destroy it. No such ladder has been found.

Data availability. All corpus data, STRUC-I chamber code (v1.0.4), and exported JSON analysis files are
available from the UNNS Substrate Program repository.

Preregistration. Protocol || parameters were preregistered before corpus analysis. No parameters were
adjusted post-hoc.

A STRUC-I Algorithm

The complete STRUC-1 v1.0.4 evaluation algorithm. The pipeline follows three conceptual stages: (i) sort the
input sequence and construct the gap spectrum; (ii) for each perturbation scale k, build the vulnerability
graph from narrow gaps and compute its maximum independent set (vulnerability capacity); and (iii) run
Monte Carlo perturbation draws to measure realized inversions and test the bound.

1. Input. Sorted sequence L = (z; < --- < x,). (Raw physical data are sorted by value before entry.)

2. Gap spectrum. Compute consecutive gaps d; = x;41 — x; for i = 1,...,n — 1, forming the gap vector
0 =(01,...,0n-1). Set dmea = median(d). Each gap ; represents the separation between adjacent ladder
elements; small gaps correspond to vulnerable exchange channels.

3. k-grid. Generate K = 40 values rj, = 1072T¢+=12/39 1 — 1 40.
4. For each k;:

a. € < K - 5med~

b. Vulnerable set. V}, < {i: d; < 2¢}. These are the gap indices whose separation is narrower than
the perturbation amplitude; they can support an ordering exchange.

c. Vulnerability graph. Build Gy = (Vi, Ey) where Fr, = {(i,i+ 1) : i,i+ 1 € Vi }. Vertices are
vulnerable gap indices; edges connect adjacent vulnerable indices (consecutive gaps that share an
element, hence incompatible exchanges).

d. Compute MIS: v, = a(Gy) by greedy interval complement.
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e. MC loop: form=1,...,M = 2,000:
i. Draw (™) ~ Unif[—ey, +ex]".
ii. Perturbed sequence: y; = x; + sim)
iii. Rank-sort y to get permutation o™,
iv. Count inv,, = [{(i,7) : i < j, c™ (i) > a™ (4)}].
f. (inv), < M~ invy,.
g Agp— MY 1finv,, <yl
h. p < (inv)y/ max(vg, 1).

5. Output. p <+ K~! Dok Py Ak K1 >k Ak, structural state, full {(kg, pr, Ax k, Vi, (inv)g)

B Vulnerability Capacity: Maximum Independent Set

The vulnerability graph Gy = (Vi, Ex) is an interval graph (vertices are consecutive integer indices; edges
connect adjacent indices). Its maximum independent set a(Gj) can be computed in O(n) by the following
greedy algorithm:

1. Sort vertices by index: v; < wp < -+ < vy|.

2. Initialize S = ), last = —oc0.

3. For each v;: if v; # last + 1, add v; to S and set last = v;.
4. Return |S|.

This correctly computes the maximum antichain in the consecutive-integer edge structure. The result
equals [|V%|/2] when all vulnerable gaps form a single contiguous block, and equals |V}| when all vulnerable
gaps are isolated.

C Structural Pressure: Summary Statistics

Table gives summary statistics for each physical domain used in cross-domain comparisons, with full
parameter details.
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Structural Phase Diagram
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Figure 5: Structural phase diagram: mean admissibility rate A, vs. mean structural pressure p
for all corpus domains. Each point is a domain representative; horizontal error bars show +lo
of p across ladders within the domain. Geometric Persistence phase (p < 0.60, A, = 1.000):
occupied by ~99.7% of all evaluations — GOE, molecular, nuclear, condensed matter, cosmic
web, gravity, atmosphere, and solar plasma. Boundary Approach phase (p > 0.60): occupied
by QM Zeeman spectra (p = 0.9585, A, = 0.999) and Moon absS (A4, = 0.892). Forbidden
zone (A, < 0.70, shaded red): entered only by the synthetic random-field control (p = 0.391,

Ay, = 0.531); no physical system is present. The GOE null baseline clusters tightly near p = 0.093,

A, = 1.000. Phase boundaries (dashed vertical lines) are at p = 0.25, 0.60, and 0.90.
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Universal Structural Response Curves
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Figure 6: Universal structural response curves: p(k) across nine domain classes. The horizontal
green band marks the physical structure band (0.08-0.40); the dashed purple line is the GOE
null mean; the red line is the admissibility boundary. Monotone curves (GOE, molecular, crustal,
nuclear, CMB) saturate within the band. Plateau-cliff curves (hydrogen H1, cosmic web DESI)

reach a peak then collapse as v explodes at the characteristic gap-scale transition x*. The Zeeman
curve shows a sharp onset at x =

~ 0.5 from equal spectral spacing. All curves remain below the
admissibility boundary.
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Table 15: Cross-domain evidence for the Universal Structural Law. Structural ladders extracted
from diverse physical and adversarial systems consistently satisfy inv(P.; L) < v(V-(L)) and fall
within the Geometric Persistence regime. The persistence of admissibility — including under
adversarially modified ladders — supports the hypothesis that the inequality reflects a domain-
independent constraint on structural realizability.

Domain Dataset type n A, Key observation
Atomic spectra NIST energy levels 102-10° ~ 1.00 Stable gap hierarchies
across atoms
Zeeman spectra  Magnetic sublevels 2,000 0.999 Universal invariant p =
0.9585
Molecular spec- HITRAN rovibra- 103-2,000 ~1.00 Low p; symmetric
tra tional molecules near GOE
Nuclear spectra  ~-level schemes 92-608 1.000  Tight inter-isotope clus-
tering (o, = 0.036)
Condensed mat- DFT property lad- 8-194 > 0.993 Wide p range; property-
ter ders type specificity
CMB (Planck) TT/TE/EE spec- = 2,000 1.000  Primordial acoustic os-
tra cillations admissible
Cosmic web DESI xyz projec- 2,000 ~ 1.000 CIliff at void-filament
tions scale k* =~ 0.31
Planetary grav- Harmonic  coeffi- 84-2,000 > 0.892 Earth (most ordered)
ity cients to Moon absS (most
stressed)
GNSS crustal NGL tenv3 stations 2,000 1.000  Fault-proximity signal in
disp. p
Atmosphere ERA5 250 hPa 12 ~ 1.000 Meridional ~ GOE;
wind zonal at nuclear tier
Solar plasma F10.7, flares, dy- 30-2,000 ~ 1.000 18x within-body spread
namo
GOE (RMT Random eigenval-  100-500 1.000  Null baseline; level repul-
null) ues sion yields low p
Adversarial surrogate tests (this section)
Real ladder H,O spectrum 2,000 1.000 p=0.051
(control)
Shuffled ladder Permuted values 2,000 1.000  Identical profile to real
ladder (Ap < 0.0001)
Histogram- Dist.-preserving 2,000 1.000 Gap distribution pre-
matched synthetic served; p = 0.051
Smooth  surro- Uniform spacing 2,000 1.000  Gap hierarchy destroyed;
gate p = 0.018 (interior tier)
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Table 16: Cluster adversarial results. Cluster ladders produce genuine violations: A, < 1 at 34/40
k-steps and p > 1 at 10-14 steps. At x* =~ 0.554 the vulnerability budget expands and A, recovers
to 1.000.

Ladder D max p minA, k-steps p>1 k-steps A, <1 Regime

microgap 0.0177  0.250  1.0000 0/40 0/40 GP / Stable
uniform 0.0177  0.250 1.0000 0/40 0/40 GP / Stable
multi-cluster 0.8919 1.0011 0.519 10/40 34/40 SB / Transit.
single-cluster 0.8807 1.0015 0.540 14/40 34/40 SB / Transit.

Table 17: Full domain summary statistics. N: number of ladder instances. n: mean ladder length.
o,: standard deviation of p across instances. All physical domains: A, > 0.892.

Domain N n minpg maxp (p) oy
GOE n =100 1,000 100 0.029 0.304 0.087 0.033
GOE n = 200 1,000 200 0.033 0.259 0.093 0.030
GOE n =500 1,000 500  0.040 0.234 0.101 0.028
Molecular 6 1,939 0.042 0.179 0.115 0.047
Nuclear 15 327 0.103 0.257  0.197 0.036
Condensed matter ~ 40 65 0.015  0.424  0.204 0.117
Cosmic web (xyz) 5 2,000 0.033 0.306 0.194 0.120
QM normal ~15 2000 0.320 0.680 0.502 0.085
QM Zeeman 8 2,000 0.9581 0.9589 0.9585 0.00004

Earth gravity 6 2,000 0.022 0175 0.073 0.057

Mars gravity 6 2,000 0.162 0390 0.277 0.076

Moon gravity 6 2,000 0.040 0.640 0.195 0.224

Atmosphere 4 12 0.086  0.225  0.150 0.065

Solar plasma 3 761 0.022  0.393 0.264 0.162

CMB (Planck 2018) 3 1,996 0.237 0275 0.254 0.019
5

GNSS crustal disp. 2,000 0.081 0.231 0.133 0.059
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Lo Cluster Adversarial Attack: Genuine Violations in the Pre-Transition Window
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Figure 7: Cluster adversarial attack: genuine violations in the pre-transition window. Panel A:
Structural pressure p(x). Cluster ladders (orange, red) sustain p ~ 1.001 across x € [0.01,0.55],
repeatedly exceeding the admissibility boundary (p = 1, red line) before the transition at £* =~ 0.554
(shaded band). Panel B: Vulnerability capacity v(k). Cluster ladders maintain v € {100, 185} in
the violation window, then jump to v = n/2 = 1,000 at x*. Panel C: Admissibility rate A (k).
Cluster ladders sustain A, & 0.52-0.55 (~ 45-48% of draws violate the inequality) throughout the
violation window, recovering to A, = 1.000 at x*. Microgap and uniform baseline (blue, purple)
show A, = 1.000 throughout.
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